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Abstract 
In this study, we investigate the behavior of the estimated spectral density 

function of stationary time series in the case of missing values, which are 

generated by the second order Autoregressive (AR (2)) model, when the error 

term for the AR(2) model has many of continuous distributions. The Classical 

and Lomb periodograms used to study the behavior of the estimated spectral 

density function by using  the simulation.  
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2.26091

2.22122

2.62026

1w
10w
20w
30w
40w
50w
60w

1)(wP k

^
w ) ] )(w

  
P [of (Average k

^
(19)

2
k ] )(w

  
P [
^

w )] )(w
  
P [of Average ( 2

k

^

(20)(SSE)
2

k ] )(w
  
P [
^

w(18)(5-1)(5-4) 

 1υ1υ

N=80,120N(0,2)Gam(0.5,1)

Exp(0.5) 

 1υN=80,120

U(0,1) 

9) ] )(w
  
P [of (Average k

^

)] )(w
  
P [of Average ( 2

k

^
 (5-1)(5-4) 

 1υ

1υN(0,2)Exp(0.5) 

 1υ0AR(

)0.1υ , -0.8υ (  21 

U(0,1) 
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 ) ] )(w
  
P [of (Average k

^

1υ0AR(

)0.4υ , -0.5υ (  21 

)] )(w
  
P [of Average ( 2

k

^
0AR(

Gam(0.5,1) 

9(SSE)0AR(

65)(wP k

^
2

k

^

)](wP[SSE 
3

]  π /N, π2 [N(0,2)

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value  

(N=80)

2.95726

5.95952

022.229

2.96062

2.60622

612.952

2.29222

6.60622

22.9526

2.22565

6.29972

57.6692

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value 

(N=120)

2.97110

1.25222

296.012

2.92726

2.25752

019.592

2.29120

6.26262

12.9992

2.22200

6.01612

95.1712

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE

05)(wP k

^
2

k

^

)](wP[SSE

]  π /N, π2 [U(0,1)

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value 

(N=80)

2.69952

2.09622

62.9500

2.65297

2.69955

9.62022

2.22229

2.22125

2.02697

2.20727

2.22590

2.02017

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE 

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value 

(N=120)

2.02299

2.25605

06.2952

2.61502

2.02262

62.2292

2.22259

2.22150

2.27271

2.20702

2.22529

2.20967

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE

                                                 

3
 (SSE)

2
k

^

)](wP[w
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25)(wP k

^
2

k

^

)](wP[SSE

]  π /N, π2 [Gam(0.5,1)

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value  

(N=80)

2.21975

2.22591

6.22222

2.25502

2.20221

2.79256

2.26759

2.22052

2.62665

2.20619

2.22225

2.60692

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE 

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value 

(N=120)

2.21996

2.22572

0.65572

2.25150

2.20926

6.12212

2.26726

2.22011

2.65719

2.20695

2.22206

2.67012

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE

25)(wP k

^
2

k

^

)](wP[SSE

]  π /N, π2 [Exp(0.5)

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value  

(N=80)

2.66622

2.27162

2.92262

2.27656

2.21722

0.91692

2.20051

2.22269

2.60929

2.20202

2.22267

2.61912

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE 

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 The proposed value 

(N=120)

2.66902

2.60262

9.02902

2.27910

2.29222

5.21572

2.20020

2.22269

2.67296

2.20207

2.22222

2.02266

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE

0AR(

2N=80

(4-4)(5-4)(6-1)(6-2)

N=80)(wP 1

^
2

1 ] )(w
  
P [
^

)wP( (N/2)

^
2)](wP[  (N/2)

^

0AR(
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)(wP k

^
w ) ] )(w

  
P [of (Average k

^
(19)

2
k ] )(w

  
P [
^

w )] )(w
  
P [of Average ( 2

k

^
(20)

(SSE)2
k ] )(w

  
P [
^

w 

(18) (5-4) (6-2)

N(.5,.25)

Exp(0.5)Gam(1,0.5)

0AR(

)(P
^

kw2
^

)](P[ kw1υ

)(P
^

kw2
^

)](P[ kw1υ

(1-a,b,c,d) (2-a,b,c,d)(3-a,b,c,d)

61)(wP k

^
2

k

^

)](wP[

]  π /N, π2 [T=10002N=80

 N(0.5,0.25)    

kw

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k

^

)](wP[)(wP k

^
2

k

^

)](wP[)(wP k

^
2

k

^

)](wP[)(wP k

^
2

k

^

)](wP[)(wP k

^

0.25692

2.20916

2.22256

2.22622

2.22009

2.71126

2

2.22629

2.20192

2.20179

6.27552

2.26220

2.22697

2.22099

2.22179

2.90026

2.29091

2.22629

2.22926

2.22729

2.22297

2.22251

2.22225

2.22671

2.09512

2.22791

2.26962

2.26222

2.22622

2.22200

2.22272

2.22226

2.22219

2.22262

2.20266

2.20022

2.26222

2.26979

2

2.26265

1w
10w
20w
30w
40w

  Gam (1,0.5)

kw

.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k

^

)](wP[)(wP k

^
2

k

^

)](wP[)(wP k

^
2

k

^

)](wP[)(wP k

^
2

k

^

)](wP[)(wP k

^

6 92792

2.26915

2.22011

2.22620

2.22657

2.72221

2.27190

2.22199

2.20192

2.20217

6.21262

2.22902

2.22629

2.22692

2.22212

2.95222

2.21212

2.20967

2.20770

2.22672

2.22059

2.22260

e
-5

9.1511

2.22222

2.21592

2.22619

2.22999

2.22161

2.26222

2.65022

2.22252

e
-5

9.2202

2.22266

2.22299

2.22725

2.26721

2.22572

2.22955

2.26797

2.66292
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10w
20w
30w
40w
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01)(wP k

^
2

k

^

)](wP[SSE

]  π /N, π2 [T=10002N=80

 N(0.5,0.25)     

The proposed value
.1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2.60595

2.66192

2.11922

2.62622

2.29059

0.72222

2.22979

2.26199

2.19525

2.25922

2.20222

2.71661

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE 

  Gam (1,0.5)

The proposed value .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2.66097

2.27965

2.99122

2.29729

2.25955

0.22672

2.20202

2.22211

2.62102

2.20221

2.22259

2.62226

)(wP k

^

Average of 

2
k

^

)](wP[Average of

SSE

2.2Lomb(7-1)(8-4)

) N  /2π  W( 1 )(wP 1

^
2

1 ] )(w
  
P [
^

N=80,120)(wP  (N/2)

^

)(wP 40

^
)(wP 60

^
2)](wP[ (N/2)

^
)  π   W( (N/2) 

2)] (wP[ 60

^
2)] (wP[ 40

^

6 )(wP 1

^

1υ(N=80,120)

N(0,2)U(0,1)Gam(0.5,1)Exp(0.5) 

2 )(wP  (N/2)

^
 

 1υ1υN=80

1υN=120

N(0,2)

 1υN=801υ

1υN=120

U(0,1) 
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N=120Gam(0.5,1) 
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^
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2
60 ])(wP[  

^

1υ

N(0,2)Gam(0.5,1) 
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2
60 ])(wP[  

^

1υ1υ

U(0,1) 

 1υN=80  N=12

Exp(0.5) 
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^
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^
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0AR( 
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69)(wP k

^
2

k

^

)](wP[Lomb

]  π /N, π2 [N(0,2)

T=10002N=80

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2.25279

2.22212

2.22262

2.22222

2.22290

2.65250

2.26957

2.22977

2.22299

2.26162

2.22512

2.22209

2.22221

2.22229

2.22216

2.62227

2.26692

2.22521

2.22115

2.26592

2.22260

2.22220

2.22226

2.22229

2.22202

2.22922

2.22221

2.22015

2.22109

2.22955

2.22222

2.22226

2.22220

2.22200

2.22522

2.22292

2.22002

2.22229

2.26202

2.22299

1w
10w
20w
30w
40w

T=15002N=120

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2.20959

2.22607

2.22261

4.8995e
-5

2.3993e
-5

1.9228e
-5

0.00015

2.60067

2.20560

2.22979

2.22290

2.22257

2.22227

2.22952

2.20222

2.22250

5.6616e
-5

2.3810e
-5

2.5080e
-5

5.5200e
-5

0.00017

2.62710

2.26575

2.22522

2.22229

2.22252

2.22506

2.22919

5.7821e
-5

1.1496e
-5

8.5231e
-6

6.2862e
-6

1.5896e
-5

0.00010 

0.00207

2.22572

2.22026

2.22020

2.22691

2.22091

2.22920

2.22629

1.8094e
-5

4.8596e
-6

6.405 e
-6

8.1633e
-6

3.2863e
-5

0.00033 

0.00276

2.22220

2.22651

2.22697

2.22027

2.22225

2.26022

2.22229

1w
10w
20w
30w
40w
50w
60w

09)(wP k

^
2

k

^

)](wP[Lomb

]  π /N, π2 [U(0,1)

T=10002N=80

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2.22201

e
-5

2.5757

e
-6

2.9766

e
-6

0.6795

e
-5

2.6757

2.22227

2.22220

2.22621

2.22629

2.22222

2.22029

e
-5

6.5991

 e
-6

0.229

e
-6

2.1022

e
-5

0.5262

2.22099

2.22092

2.22662

2.22625

2.22209

e
-6

2.2960

e
-7

6.2600

e
-8

7.2717

e
-7

2.2126

e
-5

0.0021

2.22655

2.22205

2.22206

2.22229

2.22075

e
-7

9.1297

e
-8

5.2229

9.2105e
-8

0e
-7

9.207

200e
-5

0.5

2.22295

2.22269

2.22200

2.22212

2.22092

1w
10w
20w
30w
40w

T=15002N=120

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

0.00188

4.8416e
-5

6.0690e
-6

2.1633e
-6 

1.0809e
-6

8.3753e
-7 

5.9774e
-6

2.22652

2.22526

2.22699

2.22622

2.22291

2.22219

2.22616

0.00169

2.2067e
-5

2.5853e
-6

1.3518e
-6

1.2670e
-6

2.2126e
-6

e
-5

6.2075

2.22276

2.22202

2.22661

2.22292

2

2.22621

2.22005

2.7145e
-6

8.0996e
-8

4.3569e
-8

3.5670e
-8 

7.9239e
-8 

6.8942e
-7 

1.2872e
-5

2.22621

2.22206

2.22265

2.22262

2.22202

2.22259

2.22027

6.1641e
-7

2.3334e
-8

2.6613e
-8

5.0769e
-8

1.1637e
-7

1.1039e
-6

e
-5

6.6222

2.22296

2.22266

2.22260

2.22261

2.22205

2.22292

2.22021

1w
10w
20w
30w
40w
50w
60w
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29)(wP k

^
2

k

^

)](wP[Lomb

]  π /N, π2 [Gam(0.5,1)

T=10002N=80

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

0.00037

e
-6

2.7295

6.2386e
-7

e
-7

2.2512

e
-6

2.9962

2.26212

2.22612

2.22259

2.22222

2.22606

0.00027

e
-6

6.1916

4.4038e
-7

e
-7

2.5127

e
-6

0.7520

2.26622

2.22299

2.22221

2.22229

2.22662

e
-7

5.2655

e
-8

5.0752

4.3173e
-8

e
-7

6.1262

e
-6

9.6950

2.22255

2.22261

2.22265

2.22207

2.22670

e
-7

6.2126

e
-8

0.9097

5.8607e
-8

e
-7

2.2921

e
-6

7.1771

2.22207

2.22260

2.22261

2.22229

2.22026

1w
10w
20w
30w
40w

T=15002N=120

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2.22267

6.2853e
-6

8.0158e
-7

2.9767e
-7

1.4211e
-7

1.3222e
-7 

7.4320e
-7

2.26202

2.22690

2.22212

2.22222

2.22209

2.22201

2.22259

2.22267

3.0108e
-6

3.6289e
-7

1.6653e
-7

1.6491e
-7

2.6612e
-7

9.3861e
-7

2.26269

2.22606

2.22220

2.22209

2.22207

2.22229

2.22292

3.7243e
-7

3.9060e
-8

1.7585e
-8

1.8747e
-8 

3.8388e
-8

2.6421e
-7 

5.9486e
-6

2.22227

2.22262

9.2617e
-5

9.8978e
-5

2.22262

2.22221

2.22619

8.1870e
-8

1.2946e
-8

1.7144e
-8

2.3652e
-8

8.4284e
-8

6.7233e
-7

e
-5

1.6790

2.22202

7.8035e
-5

8.8563e
-5

2.22266

2.22206

2.22251

2.22610

1w
10w
20w
30w
40w
50w
60w

29)(wP k

^
2

k

^

)](wP[Lomb

]  π /N, π2 [Exp(0.5) 

T=10002N=80

kw .1)φ.8,( φ 21 .4)φ.5,( φ 21 .4)φ.5,( φ 21 .1)φ.8,( φ 21 

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2
k)][P(w)P(wk

2.22602

e
-5

6.6966

1.5475e
-6

e
-7

7.2020

0e
-6

6.292

0.02445

2.22022

2.22297

2.22219

2.22029

2.22292

e
-6

2

1.0183e
-6

e
-6

6.2265

e
-6

9.9591

2.26719

2.22656

2.22296

2.22292

2.22675

e
-6

6.6991

e
-8

7.2212

4.8891e
-8

e
-7

0.9226

e
-5

6.2207

2.22272

2.22200

2.22261

2.22229

2.22672

e
-7

2.6202

e
-8

2.0091

7.198 e
-8

e
-7

5.2665

e
-5

6.0029

2.22229

2.22265

2.22267

2.22256

2.22001

1w
10w
20w
30w
40w
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