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Abstract 
In this paper, we present a comparison of double informative priors which 

are assumed for the parameter of inverted exponential distribution.To estimate 

the parameter of inverted exponential distribution by using Bayes estimation 

,will be  used two different kind of information in the Bayes estimation; two 

different priors have been selected for the parameter of inverted exponential 

distribution. Also assumed Chi-squared - Gamma distribution, Chi-squared - 

Erlang distribution, and- Gamma- Erlang distribution as double priors. The 

results are the derivations of these estimators under the squared error loss 

function with three different double priors.  

Additionally Maximum likelihood estimation method (MLE) was used  to 

estimate the parameter of inverted exponential distribution .We used simulation 

technique, to compare the performance for each estimator, several cases from 

inverted exponential distribution for data generating, for different samples sizes 

(small, medium, and large).Simulation results shown that the best method is the 

bayes  estimation according to the smallest values of mean square errors( MSE) 

for all samples sizes (n) comparative to the estimated values by using MLE . 

According to obtained results, we see that when the double prior distribution for 

θ  is Gamma- Erlang distribution for some values for the parameters a, b & 

 λ given the best results according to the smallest values of mean square errors 

(MSE) comparative to the same values which obtained by using Maximum 

likelihood estimation (MLE) for the assuming true values for ,2.5 1.5 , 1θ  and 

for all samples sizes.  
 

 

Key words/ Inverted exponential distribution, Bayes method, Prior distributions 
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Introduction 

      The Inverted Exponential Distribution (IED) is a member of continuous 

probability distributions. It has been introduced by Keller and Kamath [4] in 

(1982). The inverted exponential distribution is studied as a prospective life 

distribution. We mention some of studies in a brief manner: In (2007) Dey [3]
 

derived Bayes' estimators for nine of the parameter of inverted exponential 

distribution. His results are the derivations of these estimators based on the 

squared error loss function and LINEX loss functions.  

In (2009) Prakash[6] discussed the properties of the bayes estimator, 

shrinkage estimator and minimax estimator of the parameter under the squared 

error loss function and GELF for the inverted exponential distribution. He also 

presented the moments of the lower record value and the estimation of the 

parameter, based on a series of observed record values by the maximum 

likelihood and moment methods.In (2012) he [7]
  

investigated the properties of 

Bayes estimators of the parameter, reliability function and hazard rate under the 

symmetric and asymmetric loss functions for the inverted exponential model. 

And he determined the Bayes predictive interval and the Bayes estimate of shift 

point.  

In (2015) Nadia & Suzan[5]
 
 used Bayes estimation method to estimate the 

scale parameter of the inverted exponential distribution and the maximum 

likelihood method. They obtained bayes estimators based on symmetric 

"squared error" and asymmetric "precautionary" loss functions corresponding 

to informative "inverted gamma and Gumbel type II" and non-informative 

"Jeffrey and extension of Jeffrey" priors. 

The Aim of this paper is to obtain bayes Estimators for the parameter of the 

inverted exponential distribution under different double informative priors.  A 

few studies present in double informative priors, we mention it: Abdul Haq, 

Muhammad Aslam[1], they used double prior selection for discrete case in the 

case of Poisson distribution. Radha and Vekatesan (2015), they studied double 

prior selection for continuous case in the case of Maxwell distribution[8]
 
 . They 

have assumed generalized uniform-inverted Gamma distribution as double 

priors.  

Here we study double prior selection for continuous case in the case of the 

inverted exponential distribution. We have assumed Chi-squared - Gamma 

distribution, Chi-squared - Erlang distribution, and- Gamma- Erlang 

distribution as double priors. Also we used the maximum likelihood estimator. 

We try to find best method to estimate parameter of inverted exponential 

distribution .According to the smallest value of Mean Square Errors (MSE) were 

calculated to compare the methods of estimation. Several cases from inverted 

exponential distribution for data generating, of different samples sizes (small, 

medium, and large).The results were obtained  by using  simulation  technique. 
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1. The Inverted Exponential Distribution 

Let us consider nt, ... ,t,t 21 is a random sample of n independent observations 

from an inverted exponential distribution (IED) having the probability density 

function (pdf) define as [9]: 

) 1 (  ...                                                                          0θ ,  0      t,     )
t

θexp(-  
t

θ
   ) θ ; t f(

2
  

And the cumulative distribution function (cdf) is given as; 

) 2 (  ...                                                                             0θ ,  0      t,     )
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θexp(-    ) θ ; t F(         

The r 
th

 moment about origin is defined as: 
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This integral exists only for (r < 1). 

 

2. Parameter Estimation Methods 

        In this section, we used Maximum likelihood Estimation and bayes 

Estimation to estimation parameter θ  under different double informative priors. 

 

3.1 Maximum Likelihood Estimation (MLE)  

From the inverted exponential pdf given in (1) the likelihood function will be 

as follows[2]: 
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By taking the log and differentiating partially with respect to θ , we get: 
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Then the MLE of θ  is the solution of equation (5) after equating the first 

derivative to zero, Hence: 
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http://en.wikipedia.org/wiki/Probability_density_function
http://en.wikipedia.org/wiki/Probability_density_function
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3.2 Bayes Estimation Method  

Let nt, ... ,t,t 21  be a random sample of size n with probability density function 

given in equation (1) and likelihood function given in equation (4).In this paper 

the posterior distributions for the unknown parameter θ are derived under 

different double informative priors. Here we have assumed Chi-squared 

distribution
 
[10] – Gamma distribution[12], Chi-squared distribution – Erlang 

distribution
 
[11] distribution and Gamma- Erlang distribution as double priors, 

to get bayes estimation. 

3.3.1 The posterior distribution using different double priors 

It is assumed that θ  follows three types of prior distributions with pdf as 

given in table -1: 

Table -1: The three types of prior distributions ( ) θ (fi ) with pdf forθ . 
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And their double prior's distributions with pdf as given in table -2: 

 

Table -2: The three types of double prior distributions ( ) θ (fi ) with pdf forθ . 
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Then the posterior distribution of θ for the given the data ) t, ... ,t, t(t n21 is 

given by: 

) ...(7                                                      
)dθ θ P(   θ)\tL(

θ

) θ P(   θ)\tL(
    t) \θ P(                      


  

 

 

Substituting the equation (4) and for each  ) θ P( as shown in table -2 in 

equation (7), we get the posterior distributions for the unknown parameter θ are 

derived using the following three types of double priors ( for more details see 

Appendix-A). 

Table -3: The posterior distributions ( t) \θ P( ) for the unknown parameter 

 (θ) are derived using the following three types of priors. 

Double prior 

dist
n
. 

The posterior distribution ( t) \θ P( ) 

θ ~ Chi-

square( v )- 

θ ~Gamma(a , b ) 

 

 
 

θ ~ Chi-

square( v )- 

θ ~Erlang ( λ ) 

 

 

θ ~Gamma(a , b )- 

θ ~Erlang ( λ ) 

 

 

 
3.3.2 Bayes' Estimators 

Bayes' estimators for the parameter θ , was considered with three different 

double priors and under the squared error loss function   

2

1 θ)  - θ  (θ)  , θ  (L
^^

 .Where
^

θ  is an estimator for θ , was considered with three 

different double priors, and under the squared error loss function . Following is 

the derivation of these estimators: 
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3.3.2.1 The squared error loss function  

To obtain the Bayes' estimator, we minimize the posterior expected loss given 

by:  

) 8 (  ...                                                                                          θ)  - θ  (θ)  , θ  (L 2

1

^^

  

After simplified steps, we get Bayes estimator of θ  denoted by
        ^  

SEθ for the above 

prior as follows 
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
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 So, the following results are the derivations of these estimators under the 

squared error loss function with three different double priors (for more details 

see Appendix-B). 
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4. Simulation Study  

In this study, we have generated random samples from inverted exponential 

distribution and compared the performance of MLE and bayes estimator based 

on them. So we have considered several steps to perform simulation study as 

follow:    

1. We have chosen sample size n = 30, 60, 90 and 120 to represent small, 

moderate and large sample size. 
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2.We generated data from inverted exponential distribution for the scale 

parameter, according to the following cdf  )
t

θexp(-    ) θ ; t F(   , by setting 

ii uF  where 1) , (0ndist. uniform~u i , we have ))u (ln θ/   (  t i i  .We have 

considered randomly several values for the parameter of exponential 

distribution 2.5  ,1.5,  1  , .50θ  . 

3.We used randomly the values for the parameters of the Chi-square( v )-

Gamma(a , b ) distribution (v= 1, 2)  and  (a , b) = (0.5,1) ,(1,2),(2,2),(2,1) as 

double prior distribution forθ . 

4.We used randomly the values for the parameters of the Chi-square ( v )-Erlang 

( λ ) distribution (v=1, 2)   and ( λ =0.5, 1, 2) as double prior distribution forθ . 

5.We used randomly the values for the parameters of the Gamma(a , b )-Erlang 

( λ ) distribution (a , b) = (0.5,1) ,(1,2),(2,2),(2,1)  and ( λ =0.5,1,2) as double prior 

distribution forθ . 

6.The number of replication used was ( 1000r  ) for each sample size (n). 

We obtained estimators for the parameter from equations (6) and the estimators 

in table -4, it means the estimators )θ( SE

^

under the squared error loss function 

with three different double priors .The simulation program was written by using 

MATLAB-R2008a program. After the parameter  θ  was estimated, Mean 

Square Errors (MSE) was calculated to compare the methods of estimation, 

where: 

) 10 ...(                                                                    )θ-(r)θ(
r

1
MSE 2

         ^         
1000

1r    

    See appendix-C for the programs algorithm. The results of the simulation 

study are summarized and tabulated in tables (4-1) - (4-4).In each row of tables 

(4-1) – (4-4) ,we  have  four  estimated values for θ
       ^     

) θ ( with MSE for all 

samples sizes (n) and values ( v , a , b, λ ) respectively. By using different 

estimation methods that is maximum likelihood estimator and the Bayes 

estimators in three types of double priors distributions. So our criterion is the 

best method that gives the smallest value of (MSE). We list the results in the 

following tables (4-1) – (4-4). 
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 4-1: MSE of estimated inverted exponential parameter under squared 

error loss function. 
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4-2: MSE of estimated inverted exponential parameter under squared error loss 

function. 
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4-3: MSE of estimated inverted exponential parameter under squared error loss 

function. 
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5. Discussion 

In general, as we see in the tables (4-1) - (4-4) by using different estimation 

methods, we find the Mean Square Errors (MSE) was decreased when sample 

size increased in all cases. That means the estimation of the parameter θ  )θ(
^

get 

better for the large sample sizes. We obtained a good estimation according to the 

smallest values of MSE for all samples sizes (n) comparative to the other 

estimated values for MSE the estimators θ  under the squared error loss function 

with three different double priors.  

In table (4-1) and in table (4-2),, when the true value of θ ( 0.5,1θ  )  in 

general , we obtained a good estimation  according to the smallest values of  MSE 

for all samples sizes (n) comparative to the estimated values by using MLE  .We 

listed them when  the  double priors distribution for θ  are 

Chi-square - Gamma distribution with the values for the parameters v=1 and 

a=1, b=2. 

 Chi-square - Erlang distribution with the values for the parameters v=1 

and 2 λ  . 

 Gamma - Erlang distribution with the values for the parameters a=1, b=2 

and 2 λ  . 

In table (4-3), when the true value of θ ( 1.5θ  )  in general , we obtained a 

good estimation  according to the smallest values of  MSE for all samples sizes 

(n) comparative to the estimated values by using MLE  .We listed them when  the  

double priors distribution for θ  are 

 Chi-square - Gamma distribution with the values for the parameters v=1 and 

a=2, b=2. 

 Chi-square - Erlang distribution with the values for the parameters v=1 

and 2 λ  . 

 Gamma - Erlang distribution with the values for the parameters a=2, b=2 

and 2 λ  . 

In table (4-4), when the true value of θ ( 2.5θ  )  in general , we obtained a 

good estimation  according to the smallest values of  MSE for all samples sizes 

(n) comparative to the estimated values by using MLE.We listed them when  the  

double priors distribution for θ  are 

 Chi-square - Gamma distribution with the values for the parameters v=1 and 

a=2, b=1. 

 Chi-square - Erlang distribution with the values for the parameters v=1 and  

1 λ   , also with v=2 and 1 λ  . 

 Gamma - Erlang distribution with the values for the parameters a=2, b=2 

and 0.5 λ  . 

See the summary of discussion for MSE in table (5-1) in Appendix-E. 
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6. Conclusion 

When we compared the estimated values for θ
       ^     

) θ ( for the parameter of the 

Exponential distribution by using the methods in this study .We find that Mean 

Square Errors (MSE) was decreased when sample size increased in all cases. 

And the MSE increased in all samples sizes (n) when the true value of θ  

increased .The best method is the bayes estimation according to the smallest 

values of MSE for all sample sizes (n) comparative to the estimated values by 

using MLE. We listed them when the double priors distribution for θ  are 

 Chi-square - Gamma distribution with the values for the parameters v=1 and 

a=1, b=2, when the true value of θ ( 5.0θ  ). 

 Gamma - Erlang distribution with the values for the parameters a=1, b=2 

and 2 λ  , when the true value of θ ( 1θ  ). 

 Gamma - Erlang distribution with the values for the parameters a=2, b=2 

and 2 λ  , when the true value of θ ( 5.1θ  ). 

 Gamma - Erlang distribution with the values for the parameters a=2, b=2 

and 0.5 λ  , when the true value of θ ( 5.2θ  ). 

See the summary of discussion for MSE in table (5-1) in Appendix-E. 
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Appendix-A: The posterior distribution by using different double Priors 
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Appendix-B  

     The following is the derivation of these estimators under the squared error 

loss function. 
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 Algorithm (1): To compute MLE for scale parameter (

^

θ ) with MSE. 
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Algorithm (2): To compute Bayes estimators ( SE1

^

θ  ) using Chi-square - Gamma Distribution as 

double prior distribution for θ  with MSE. 

 

 

Note (1): we can reformulate the Algorithm (2) to compute Bayes estimators 2,3k, θSEk

^

  

under using other distributions as double prior distribution for θ  with MSE. 

 

Appendix-C: The following is the   programs algorithm. 

Appendix-E:  The summarized and tabulated discussions and conclusions. 
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Table 5-1:  Best Estimation according to the smallest value for MSE. 
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 باستعنال   Inverted Exponentialمقدرات بيز لمعلنة  توزيع 

 دوال  معلوماتية مضاعفه 

 استاذ مساعد –د. جنان عباس ناصر العبيدي 

 بغداد –الكلية التقنية الادارية 

 الخلاصة 
, الاطٍ انًقهىب  فٍ هذا انبحث , َقذو يقارَت نذوال يعهىياحُت يضاعفت انخٍ حفخزض نًعهًت  حىسَع       

باطخعًال حقذَزبُش.اطخخذيُا َىعٍُ يخخهفٍُ يٍ انًعهىياث فٍ طزَقت  الاطٍ انًقهىب نخقذَز يعهًت حىسَع

يزبع   .هُا افخزضُا حىسَع الاطٍ انًقهىب عهًت حىسَعاخخُزث َىعٍُ يخخهفٍُ يٍ انذوال الاونُت نً حقذَز بُش,

كذوال يعهىياحُت يضاعفه, َخائج الاشخقاقاث نخهك  ارنُك -كايا  وحىسَع ارنُك -يزبع كاٌ , حىسَع كايا –كاٌ 

كذنك اطخعًهُا طزَقت الايكاٌ  انًقذراث  باطخعًال دانت انخظارة انخزبُعُت يع ثلاثت دوال  يعهىياحُت يضاعفه.

اطخعًم اطهىب انًحاكاة فٍ يقارَت اداء كم يقذر,  . الاطٍ انًقهىب يعهًت حىسَعنخقذَز  (MLE)الاعظى 

اطخعًهج نخىنُذ انبُاَاث ولاحجاو يخخهفت يٍ انعُُاث   الاطٍ انًقهىببافخزاض عذة حالاث نًعهًت حىسَع 

خائج انًحاكاة باٌ طزَقت بُش الافضم وفقا نًقُاص اقم قًُت وقذ اظهزث َ (. )صغُزة , يخىططت , كبُزة

.وفقا نهُخائج انًظخحصهت , َزي   (MLE), يقارَت بطزَقت الإيكاٌ الأعظى  (MSE) يخىطظ يزبع الاخطاء

عُذ قُى يعُُت نًعهًاث انذانت  ارنُك -كايا  باَه عُذيا حكىٌ انذانت انًعهىياحُت انًضاعفت هٍ حىسَع

( يقارَت بُفض MSE)  , اعطً َخائج افضم وفقا لاقم قًُت نـًخىطظ يزبعاث انخطاء انًضاعفتانًعهىياحُت 

1θ , 1.5 2.5,,عُذيا حكىٌ انقًُت انحقُقت انًفخزضت نـ(MLE)  الايكاٌ الاعظىانقُى انًظخحصهت بطزَقت   

 . (n)ونكم حجىو انعُُاث 

انذوال , , ,طزَقت بُشالأعظى الإيكاٌطزَقت ,  هىبحىسَع   الاطٍ انًق المصطلحات الرئيسة للبحث/

, دانت   ارنُك  -كايا    ارنُك  , حىسَع -كايا , حىسَع يزبع كاٌ -انًعهىياحُت انًضاعفت : حىسَع يزبع كاٌ

 انخظارة انخزبُعُت .

 


