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Abstract

In this paper, we present a comparison of double informative priors which
are assumed for the parameter of inverted exponential distribution.To estimate
the parameter of inverted exponential distribution by using Bayes estimation
Wwill be used two different kind of information in the Bayes estimation; two
different priors have been selected for the parameter of inverted exponential
distribution. Also assumed Chi-squared - Gamma distribution, Chi-squared -
Erlang distribution, and- Gamma- Erlang distribution as double priors. The
results are the derivations of these estimators under the squared error loss
function with three different double priors.

Additionally Maximum likelihood estimation method (MLE) was used to
estimate the parameter of inverted exponential distribution .We used simulation
technique, to compare the performance for each estimator, several cases from
inverted exponential distribution for data generating, for different samples sizes
(small, medium, and large).Simulation results shown that the best method is the
bayes estimation according to the smallest values of mean square errors( MSE)
for all samples sizes (n) comparative to the estimated values by using MLE .
According to obtained results, we see that when the double prior distribution for
0 is Gamma- Erlang distribution for some values for the parameters a, b &
A given the best results according to the smallest values of mean square errors
(MSE) comparative to the same values which obtained by using Maximum
likelihood estimation (MLE) for the assuming true values for 6=1,1.5,2.5and

for all samples sizes.
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Bayes Estimators for the Parameter of the Inverted Exponential

Distribution Under different Double informative priors

Introduction

The Inverted Exponential Distribution (IED) is a member of continuous
probability distributions. It has been introduced by Keller and Kamath [4] in
(1982). The inverted exponential distribution is studied as a prospective life
distribution. We mention some of studies in a brief manner: In (2007) Dey [3]
derived Bayes' estimators for nine of the parameter of inverted exponential
distribution. His results are the derivations of these estimators based on the
squared error loss function and LINEX loss functions.

In (2009) Prakash[6] discussed the properties of the bayes estimator,
shrinkage estimator and minimax estimator of the parameter under the squared
error loss function and GELF for the inverted exponential distribution. He also
presented the moments of the lower record value and the estimation of the
parameter, based on a series of observed record values by the maximum
likelihood and moment methods.In (2012) he [7] investigated the properties of
Bayes estimators of the parameter, reliability function and hazard rate under the
symmetric and asymmetric loss functions for the inverted exponential model.
And he determined the Bayes predictive interval and the Bayes estimate of shift
point.

In (2015) Nadia & Suzan[5] used Bayes estimation method to estimate the
scale parameter of the inverted exponential distribution and the maximum
likelihood method. They obtained bayes estimators based on symmetric
""squared error’ and asymmetric "'precautionary' loss functions corresponding
to informative "inverted gamma and Gumbel type II'" and non-informative
""Jeffrey and extension of Jeffrey'* priors.

The Aim of this paper is to obtain bayes Estimators for the parameter of the
inverted exponential distribution under different double informative priors. A
few studies present in double informative priors, we mention it: Abdul Haq,
Muhammad Aslam[1], they used double prior selection for discrete case in the
case of Poisson distribution. Radha and Vekatesan (2015), they studied double
prior selection for continuous case in the case of Maxwell distribution[8] . They
have assumed generalized uniform-inverted Gamma distribution as double
priors.

Here we study double prior selection for continuous case in the case of the
inverted exponential distribution. We have assumed Chi-squared - Gamma
distribution, Chi-squared - Erlang distribution, and- Gamma- Erlang
distribution as double priors. Also we used the maximum likelihood estimator.
We try to find best method to estimate parameter of inverted exponential
distribution .According to the smallest value of Mean Square Errors (MSE) were
calculated to compare the methods of estimation. Several cases from inverted
exponential distribution for data generating, of different samples sizes (small,
medium, and large).The results were obtained by using simulation technique.
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Bayes Estimators for the Parameter of the Inverted Exponential

Distribution Under different Double informative priors

1. The Inverted Exponential Distribution
Let us consider t,,t,,...,t,is a random sample of n independent observations

from an inverted exponential distribution (IED) having the probability density
function (pdf) define as [9]:

f(t;e):t%exp(-%) 120,050 (1)
And the cumulative distribution function (cdf) is given as;
F(t;0)= exp(-%) 120,050 - (2)

The r ™ moment about origin is defined as:

00

M, =Et")=] t" t%exp(-%)dtzerl“(l-r) - (3)
0

This integral exists only for (r < 1).

2. Parameter Estimation Methods

In this section, we used Maximum likelihood Estimation and bayes
Estimation to estimation parameter 6 under different double informative priors.

3.1 Maximum L.ikelihood Estimation (MLE)
From the inverted exponential pdf given in (1) the likelihood function will be
as follows[2]:

n
L= 11 (10)= —— 0"ap(-6) —) (4)
i=1 H t
i=1
By taking the Iog and differentiating partially with respect to6, we get:
iIog L(t\e)— 20— ..(5)
o0 t;

Then the MLE of 6 is the solution of equation (5) after equating the first
derivative to zero, Hence:

A n I

Ome =——F— .. (6)
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3.2 Bayes Estimation Method

Let t,,t,,...,t, be a random sample of size n with probability density function
given in equation (1) and likelihood function given in equation (4).In this paper
the posterior distributions for the unknown parameter 0 are derived under
different double informative priors. Here we have assumed Chi-squared
distribution [10] — Gamma distribution[12], Chi-squared distribution — Erlang
distribution [11] distribution and Gamma- Erlang distribution as double priors,
to get bayes estimation.
3.3.1_The posterior distribution using different double priors

It is assumed that 6 follows three types of prior distributions with pdf as
given in table -1:

Table -1: The three types of prior distributions (f,(6)) with pdf foro .

Prior distribution | f,(0) ,i=1,2,3

Vv \'
VoY,
1
0~ Chi-square(v) | f(8)= ( ) 292 eXp(-E@) for 620,v=12, ..v
re o)

9 ~Gamma(a , b a
@.b) £ (0)= D7 081 en(cb0)  for 020, ab>0
Ta

0~erlang (1) f.(6)=2" 6 exp(-1 0) for 6>0, A>0

And their double prior’'s distributions with pdf as given in table -2:

Table -2: The three types of double prior distributions (f,(6)) with pdf foro.

Prior distribution P(6) ,i=12,3
P(0) o f(0) f(0)
0 ~ Chi-square( Vv )- 1 _v b2 Viao 1
0-Gammaa,b) | P(0) a[— - () 22-102  ep(-0(+b))
1 2 l'a 2
INGS )
P2(6) a f(@) f3(9)
0 ~ Chi-square(V)- 7»2 _! Via 1
0 ~Erlang (1) P(8) a[—— (5 ) 2102 ep(-0(=+1))
2 r¢ ) 2 2

8 ~Gamma(a,b)- P(e)a f(e) f(e)
0~Erlang (1)
P.(0) (x[ kz]eaexp(e(ber))
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Then the posterior distribution of @ for the given the data t=(t,,t,,...,t, )is
given by:
p(oV )= N0 P(O)

[ L(t\0) P(0)do
0

A7)

Substituting the equation (4) and for each P(6) as shown in table -2 in

equation (7), we get the posterior distributions for the unknown parameter 0 are
derived using the following three types of double priors ( for more details see
Appendix-A).
Table -3: The posterior distributions (P(6\t)) for the unknown parameter
(0) are derived using the following three types of priors.

gizgnble prior The posterior distribution (P(6\1))
P,(81)) ~ Gamma distribution ( agsw) = (n+a+ -1), biomwy = (\“ i+ l+b})
-l f,
6 ~ Chi- o] mes-l)
square(V)- (-Z t2 v (+a+a-1-1
6~Gamma(a,b) | P(8!f)=—1 - 8 T (-0 (Y _+ +b}}
Ia+a+s-1) -t
P,(8't)) ~Gamma distribution (ams={n+- +1} biasw) _(\" i+ ]-I—I'L}}
il
0~ Chi- . :
square(Vv)- (i ti+;l+?t)&ﬁ_1+1) _
.4 -1 P
6~Erlang (1) P,(811)=- 6" T e L+din)ynv a0
v - t, 2
Ta+5+1) :
0-G ( b) PE(B"-.t}}~Ga.mmadistribution(a{r.aw;-=(n+a+1)=b:nau-;-=(i ti+b+l))
~Gamma(a,b)- ot
0~Erlang (1) (% tl+b+1 ) (aatl)
P 8'.[ - i=1 1 8(ﬂ+&+1}—1 8 b ?‘.
3( t) TararD pl- (\; + +1) ),abn =0

3.3.2_ Bayes' Estimators
Bayes' estimators for the parameter6, was considered with three different
double priors and under the squared error loss function

N N N

L,( 0, 0)=(0-0)*>.Where 6 is an estimator for0, was considered with three

different double priors, and under the squared error loss function . Following is
the derivation of these estimators:
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3.3.2.1 The_squared error loss function
To obtain the Bayes' estimator, we minimize the posterior expected loss given

by:

L, ( e 0) = ( 0- 0)? .. (8)

After simplified steps, we get Bayes estimator of 6 denoted by 6. for the above
prior as follows

N

GSE:E(O\t):TeP(O\t)dG . (9)

So, the following results are the derivations of these estimators under the
squared error loss function with three different double priors (for more details
see Appendix-B).

Table -4: The estimators ( 6. ) under the squared error loss function
With three different double priors.

Double Prior A T
distribution Ose = E(O\t)_.([e P(0\1)do
0~ Chi- . F(n+a+%)
square(V)- Oser = . N , n,b,av>0
6 ~Gamma(a,b) F(n+a+5—1) (> f+§+b)

=1 i

v
6~ Chi- A F(n+5+2)
square(Vv)- Ose, = y " 1 1 , N, v,A >0
0~Erlang (1) I'n+—+1) (X —+=+2%)

2 it 2

6 ~Gamma(a,b)- 6553= In+a+2) nbai >0
~ n
0~Erlang (1) Mn+asl) (3 tl+b+>‘)

i=1 i

4. Simulation Study
In this study, we have generated random samples from inverted exponential
distribution and compared the performance of MLE and bayes estimator based
on them. So we have considered several steps to perform simulation study as
follow:
1. We have chosen sample size n = 30, 60, 90 and 120 to represent small,
moderate and large sample size.
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2.We generated data from inverted exponential distribution for the scale

parameter, according to the following cdf F(t;0)= exp(-%) , by setting

: g N
F =u;whereu; ~ uniformdist."(0,1), we have t,=— (0/In(u;)).We have

considered randomly several values for the parameter of exponential
distribution6 =05, 1 ,1.5, 25.

3.We used randomly the values for the parameters of the Chi-square(v)-
Gamma(a ,b) distribution (v=1, 2) and (a, b) = (0.5,1) ,(1,2),(2,2),(2,1) as
double prior distribution for6.

4.We used randomly the values for the parameters of the Chi-square (v )-Erlang
(1) distribution (v=1, 2) and (A =0.5, 1, 2) as double prior distribution for9.
5.We used randomly the values for the parameters of the Gamma(a , b )-Erlang
(1) distribution (a , b) = (0.5,1) ,(1,2),(2,2),(2,1) and (A =0.5,1,2) as double prior
distribution for6.

6.The number of replication used was (r =1000) for each sample size (n).

We obtained estimators for the parameter from equations (6) and the estimators

in table -4, it means the estimators (0se)under the squared error loss function

with three different double priors .The simulation program was written by using
MATLAB-R2008a program. After the parameter 6 was estimated, Mean
Square Errors (MSE) was calculated to compare the methods of estimation,
where:
MSE=1 1000 (9 (- 0 )3 ..(10)

See appendix-C for the programs algorithm. The results of the simulation
study are summarized and tabulated in tables (4-1) - (4-4).In each row of tables

(4-1) — (4-4) ,we have four estimated values for 6 (0) with MSE for all

samples sizes (n) and values ( v, a , b, 1) respectively. By using different
estimation methods that is maximum likelihood estimator and the Bayes
estimators in three types of double priors distributions. So our criterion is the
best method that gives the smallest value of (MSE). We list the results in the
following tables (4-1) — (4-4).
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4-1: MSE of estimated inverted exponential parameter under squared
error loss function.

method

parameters

Estimate for 6 ( 6 )

MSE

Sample Size(n)

Sample Size(n)

30

a0

o0

120

30

60

20

120

MLE

0.51231

0.50839

0.50505

0.50543

0.00866

0.00444 | 0.00295

0.00233

Baves

{P.(8" %) )=Chi-square - Gamma distribution

0.49959

0.5024

0.50079

0.50223

0.00763

0.00415 | 0.00283

0.00229

0.49934

0.50231

0.50075

0.50212

0.00736

0.00407 | 0.00279

0.00227

0.51573

0.51061

0.50628

0.50637

0.0081

0.00432 | 0.00289

0.00235

0.52457

0.514946

0.50913

0.50851

0.00902

0.00457 | 0.00300

0.00242

0.50792

0.50658

0.50357

0.50432

0.00795

0.00425 | 0.00287

0.00233

0.50754

0.50646

0.50352

0.50429

0.00766

0.00418 | 0.00284

0.00231

0.52391

0.514746

0.50905

0.50845

0.00867

0.00449 | 0.00297

0.00240

= | e = = e [ = |

0.5329

0.51914

0.51192

0.5106

0.00977

0.00479 | 0.00309

0.00248

Baves

(P,(8"x) )=Chi-square - Erlang

distribution

0.52912

0.517146

0.51057

0.50958

0.00956

0.00472 | 0.00307

0.00246

0.52457

0.514946

0.50913

0.50851

0.00902

0.00457 | 0.00300

0.00242

0.51573

0.51061

0.50628

0.50637

0.0081

0.00432 | 0.00289

0.00235

0.53751

0.52134

0.51316

0.51168

0.01040

0.00496 | 0.00316

0.00252

0.5329

0.51914

0.51192

0.5106

0.00977

0.00479 | 0.00309

0.00248

0.52391

0.51476

0.50905

0.50845

0.00867

0.00449 | 0.00297

0.00240

Baves

(B.(8'%)

=(amma - Erlang

distribution

0.52457

0.51494

0.50913

0.50851

0.00902

0.00457 | 0.00300

0.00242

0.52391

0.51474

0.50205

0.50845

0.00867

0.00449 | 0.00297

0.00240

0.54029

0.52304

0.51458

0.51262

0.01024

0.00494 | 0.00315

0.00252

0.54955

0.52752

0.51748

0.51479

0.01169

0.00532 | 0.00332

0.00262

0.52011

0.51277

0.5077

0.50744

0.00853

0.00444 | 0.00295

0.00233

0.51954

0.51246

0.50763

0.50739

0.00821

0.00436 | 0.00291

0.00236

0.53577

0.52087

0.51315

0.51154

0.00960

0.00477 | 0.00309

0.00243

0.54488

0.52528

0.51403

0.5137

0.01093

0.00513 | 0.00324

0.00257

0.51142

0.50847

0.50487

0.50531

0.00771

0.00420 | 0.00285

0.00232

0.511

0.50833

0.50482

0.50527

0.00743

0.00413 | 0.00281

0.00230

0.52697

0.51653

0.5103

0.50941

0.00851

0.00447 | 0.002%6

0.00239

=
n
bt [ |l |t | et |l |l | et [ et [t [l |t T [ |4 | =

0.53577

0.52087

0.51315

0.51154

0.00260

0.00477 | 0.00309

0.00248
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4-2: MSE of estimated inverted exponential parameter under squared error loss

function.
method parameters Estimate for 6 ( 6) MSE
Sample Size(n) Sample Size(n)
i} - - - 30 a0 20 120 30 a0 00 120
MLE 1 1.0256 | 10178 |1.0145 |1.0081 |0.03464 | 001778 | 0.01325 | 0.00871
Baves | B ¥ a b (P,(6"x) )= Chi-square - Gamma distribution
1 0.5 1 | 097413 | 0.99213 | 0.99744 | 0.99541 | 0.02819 | 0.01581 | 0.01221 | D.00824
1 2 | 095837 | 098387 | 099186 | 099127 | 0.0266]1 | 0.01523 | 0.01186 | 0.00809
2 2 | 09898 | 1.0001 [1.0028 [099949 |0.02664 | 0.01547 | 0.01206 | 0.00815
2 1 | 1.0228 |1.0169 |1.0141 |1.0079 |0.03087 | 0.01683 | 0.01281 | 0.00849
2 0.5 1 | 099037 | 1.o004 | 1.003 099956 [ 0.02854 | 0.01601 | 0.01235 | 0.00829
1 2 [ 097409 | 0.992 099734 [ 099538 [ 0.02638 | 0.01528 | 0.01193 | 0.00810
2 2 | 10055 |1.0083 |1.0083 |1.0036 |0.02742 | 0.01579 | 0.01226 | 0.00823
2 1 [1.030]1 [1.0252 |1.0196 |1.012 0.03284 | 001745 | 0.01313 | 0.00864
Baves | @ v h - (P.(6'%) )=Chi-square - Erlang_distribution
1 1 0.5 1.0402 [1.0255 |[1.0198 |1.0121 |0.03413 | 0.01778 | 0.01329 | 0.00872
1 1.0228 [1.0169 |1.0141 |1.0079 |0.03087 | 0.01683 | 0.01281 | 0.00849
2 09898 | 1.0001 |1.0028 |0.99949 |0.02664 | 0.01547 | 0.01206 | 0.00815
2 0.5 1.0567 [ 1.0339 [ 1.0254 |[1.0162 |0.03677 | 0.01855 | 0.01369 | 0.00890
1 1.0391 [1.0252 [1.0196 |1.012 0.03284 | 001745 | 0.01313 | 0.00864
2 1.0055 | 1.0083 |1.0083 |1.0036 |0.02742 | 0.01579 | 0.01226 | 0.00823
Baves | @ a b A (P.(8'%) )= Gamma - Erlang distribution
1 0.5 1 0.5 | 10228 |1.0169 [1.0141 [1.0079 |[0.03087 | 0.016583 | 0.0128]1 | 0.00849
1 1 1.0055 [ 1.0083 |1.0083 |1.0036 |0.02742 | 0.01579 | 0.01226 | 0.00823
2 2 1.0369 [ 1.0245 [1.0193 |1.0118 |0.03049 | 0.01684 | 0.01283 | 0.00849
2 1 10715 [ 1.0417 [1.0307 [1.0203 |0.03842 | 0.01911 | 0.01397 | 0.00905
0.5 1 1 [ 1.006 10085 [1.0084 ([1.0037 [0.02840 | 0.01607 | 0.01240 | 0.00830
1 2 098955 | 1.0000 | 1.0027 |0.99946 | 0.02577 | 0.01521 | 0.01193 | 0.00808
2 2 1.0205 [1.0161 |1.0136 |1.0077 |0.02771 | 0.01596 | 0.01236 | 0.00827
2 1 1.0539 |1.0331 [1.0249 [1.016 0.03404 | 0.01788 | 0.01336 | 0.00875
0.5 1 2 [ 097408 | 099194 | 099720 | 099536 | 0.02554 | 0.01503 | 0.01180 | 0.00804
1 2 095913 [ 095839 | 09918 |0.99128 | 0.02427 | 0.01450 | 0.01147 | 0.00789
2 2 008911 | 099977 | 1.0026 |09994 |0.02415 | 0.01471 | 0.01166 | 0.00795
p 1 10205 | 10161 |1.0136 | 10077 | 002771 | 0.01596 | 0.01236 | 0.00827
26 )39 (o alaZdW p gladl Al
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4-3: MSE of estimated inverted exponential parameter under squared error l0oss

function.
method parameters Estimate for § ( B) MSE
Sample Size(n) Sample Size(n)
i) - - - 30 1] 20 120 0 1] 20 120
MLE | 25 2.564 25445 | 25363 | 25231 | 021656 | 0.09685 | 0.08302 [ 0.05358
Baves | B \ a b {P.(8'%) )=Chi-square - Gamma distribution
2.5 1 0.5 1 | 22654 |239 24322 | 24453 | 018318 | 0.09685 | 0.07357 | 0.04975
1 2 21379 23164 | 23807 | 24061 0229 010717 [ 0.07679 [ 0.05226
2 2 | 2.208 23546 | 2407 24261 | 0.15968 | 0.09701 | 0.07259 | 0.04963
2 1 [ 23786 | 24498 | 24728 | 24759 | 0.15598 | 0.09157 | 0.07204 | 0.04852
2 [ 05 1 23031 | 24099 | 24457 |2.4555 [0.17119 | 0.09425 | 0.07269 | 0.04913
1 2 12173 23355 | 23938 | 24161 | 020808 | 000172 [ 0.07452 [ 0.05084
2 2 [ 22431 [ 23738 | 24201 | 2.4361 007378 | 0.09305 | 0.07102 | 0.04862
2 1 [ 24164 | 24697 | 24863 |2.4861 |0.15276 | 0.09142 | 007226 | 0.04852
Baves | B ¥ A - (P.(8'%) )=Chi-square - Erlang distribution
1.5 1 |05 24745 | 25003 | 2507 25016 | 0.16656 | 0.09671 | 0.07542 [ 0.04998
1 23780 | 24498 | 24728 | 24759 | 0.15595 | 0.09157 | 007204 | 0.04852
2 2.208 23546 | 2407 24261 | 0.18968 | 0.09701 | 0.07259 [ 0.04963
2 0.5 25138 | 25207 | 25207 | 25119 | 00714 | 0.09872 | 0.07663 | 0.05053
1 24104 | 24697 | 24863 | 2.4861 | 015276 | 0.09142 | 0.07226 | 0.04852
2 22431 | 23738 [ 24201 | 24361 | 0.07378 | 0.09305 | 007102 | 0.04862
Baves | 6 a b A (P.(8'%) )=Gamma - Erlang distribution
15105 1 05 | 23786 | 24498 | 24728 | 24759 | 005598 [ 0.09157 | 0.07204 | 0.04852
1 2 22431 23738 | 24201 | 24361 | 0.07378 | 0.09305 | 007102 | 0.04862
2 2 23132 [ 24121 | 24201 | 2456 0.14952 | 0.08736 | 0.07102 | 0.04719
2 1 24919 | 25095 | 24464 | 25065 | 0.15509 | 0.09353 | 0.06892 | 0.04917
0.5 1 1 22001 |240013 |2.4394 | 24507 |0.06515 | 0.09188 | 0.07116 | 0.04843
1 2 21656 | 23286 | 23884 | 24118 | 02053 | 0.10075 ) 0.07375 | 0.05055
2 2 22331 [ 23662 | 24143 | 24316 | 0.170%6 | 0.09160 | 0.06997 | 0.04515
2 1 23991 | 24598 | 24794 |2.481 0.14306 [ 0.08780 | 0.07015 | 0.04751
0.5 | 1 2 [ 21318 [ 23098 | 23754 | 2.4019 022618 | 0.10639 | 0.07615 | 0.05204
1 2 2.026 22433 [ 23273 | 23647 | 029615 | 02731 [ 0.08503 [ 0.05750
2 2 20893 | 22795 | 23526 | 23841 | 0.24467 | 001204 | 007814 | 0.05359
1 1 22333 | 23662 | 24143 | 24316 | 0.17056 | 0.09160 | 0.06997 | 0.04815
27 o319 31 p gl e
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5. Discussion
In general, as we see in the tables (4-1) - (4-4) by using different estimation
methods, we find the Mean Square Errors (MSE) was decreased when sample

size increased in all cases. That means the estimation of the parameter 6 (0) get

better for the large sample sizes. We obtained a good estimation according to the
smallest values of MSE for all samples sizes (n) comparative to the other
estimated values for MSE the estimators 6 under the squared error loss function
with three different double priors.

In table (4-1) and in table (4-2),, when the true value of 6(6=0.5,1) in

general , we obtained a good estimation according to the smallest values of MSE
for all samples sizes (n) comparative to the estimated values by using MLE .We

listed them when the double priors distribution for © are

Chi-square - Gamma distribution with the values for the parameters v=1 and

a=1, b=2.
e Chi-square - Erlang distribution with the values for the parameters v=1
andi=2.
e Gamma - Erlang distribution with the values for the parameters a=1, b=2
andi=2.

In table (4-3), when the true value of 6(6=1.5) in general , we obtained a
good estimation according to the smallest values of MSE for all samples sizes
(n) comparative to the estimated values by using MLE .We listed them when the
double priors distribution for 6 are
e Chi-square - Gamma distribution with the values for the parameters v=1 and
a=2, b=2.

e Chi-square - Erlang distribution with the values for the parameters v=1
andi=2.
e Gamma - Erlang distribution with the values for the parameters a=2, b=2
andi=2.

In table (4-4), when the true value of 6(6=2.5) in general , we obtained a
good estimation according to the smallest values of MSE for all samples sizes
(n) comparative to the estimated values by using MLE.We listed them when the
double priors distribution for 6 are
e Chi-square - Gamma distribution with the values for the parameters v=1 and
a=2, b=1.

e Chi-square - Erlang distribution with the values for the parameters v=1 and
A=1,also with v=2 andA=1.

e Gamma - Erlang distribution with the values for the parameters a=2, b=2
andA=0.5.

See the summary of discussion for MSE in table (5-1) in Appendix-E.
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6. Conclusion

When we compared the estimated values for 6 (06) for the parameter of the

Exponential distribution by using the methods in this study .We find that Mean
Square Errors (MSE) was decreased when sample size increased in all cases.
And the MSE increased in all samples sizes (n) when the true value of 6
increased .The best method is the bayes estimation according to the smallest
values of MSE for all sample sizes (n) comparative to the estimated values by
using MLE. We listed them when the double priors distribution for 6 are

e Chi-square - Gamma distribution with the values for the parameters v=1 and
a=1, b=2, when the true value of 6 (6 =0.5).

e Gamma - Erlang distribution with the values for the parameters a=1, b=2
and A =2, when the true value of 6 (6 =1).

e Gamma - Erlang distribution with the values for the parameters a=2, b=2
and A =2, when the true value of 6 (6=1.5).

e Gamma - Erlang distribution with the values for the parameters a=2, b=2
andi=0.5, when the true value of 6 (6 =2.5).

See the summary of discussion for MSE in table (5-1) in Appendix-E.
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Appendix-A: The posterior distribution by using different double Priors
1- The posterior distribation nsing Chi-sgunare - Gamma distribution as douahle

prior:
Te find The posterior distribution using Chi-sguared distributicon—Gamma
diztribution, we follow these staps:
When the prior distribution of § take Chi-sguesrsd distribution, thenthe pdfis

sivan by
¥ v
R T e B 1. - - ) )
f (G)= - I:T',- < g axp(-;ﬁ,- for G=0_w=12 ..~ _{A1L
= ]._'[:1:' F i
2
Apgain, when prior distribution of 8 talkte pamma distribution, thenthe p.d £ is given
by :
F o ba a—1 % o %
f (@ ,-—1__'5 exp-b9 ) for =0, a.b>=0 LA
2 2
Wa dafine the double pricr for 8 by combinine thesatero priors as follomrs =
P(o)a £06) £ (8D LAY
=X i | 2
P(8)al L (—1:- R Expl:—l'f'} ][b— 8271 cp(be )] A4
.' ]._":E%' 2 2 1_3.
=
1 13 bR o 1
P(8) a[— () 2 — 162  exp(B(=+b)})
L v, 2 Ta 2
]._'l::.-'
Fia2 1
P(6) ok 6 socplH(=+b ) ) A5
"
— i3
Where Lk=[ 1 (—1:- Z 113 ]
- i 2
r)
Then the posterior distribution of 8 for the given the data t=(t, . t.,....ty }is
sivan by :
Lt &) BPE)
Botl= = o ALB)
( [ L e\ 8) P )dd (
i
Substituting the aguation {4) and {A.5) in sguation (A.68), wa gat:
30 @)‘J}b&xﬁéb@.ﬁﬂf#\&»\qu
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= -~
= —%+a-1I
- : 6 exp(8 X i:' [a? zxepl -5 [:?1—1:.:. 31
1—[ t'f FRL ] t‘i.
B(8 \t=—""— e LATY
v -
:'? 1 n = 1 . —TeET - 1 R
I — Bexp(H E —) [k82 exp(-B(5 +b) 1 }E6
0 I—Itt'- i-t b
e
R = 1.1
L < expl{H(EZ —+==+bl]
s=t b, -
i
B8\t - e (ABY
w  fmE—+a-D-1 _ .
I e - exp(H(E — +=+b) ) 46
a =t L. “
i

B multiplyving the inteeral in equation{A. &) bv the quantitvwhich aguals to

= 1 1 _b":ﬁ—z—-:—] -
(Z ¢ 7z7P) Tin+a+—-1)
(—* — ¥ 1 1 = ¥ ¥ . where I'(.}is 2 garnmas
k. . = (m=a+Z-13
To+a+3-1) i e
i=t
function . Than vwea g=t,
= {s _:_]
- ti_:]___b:_\_ﬁ—z =

B(e ==t 1

= 1 1
— exp(H(E —+5+b))
Tin+a+= -1} A8 =t <

{AGY
Where At 6) squals to
= e
(F Lsliny”
2oia y <= {m+xsm—D1 = 1 1
A 8= | — 8 = exp( B —++b)Id=1.
0 Tn+a+z-1) =S
Be the integral of ths pdf of Gamma distribution. Then wea gat the posterior
distribution of & given the data t=(t, t.,....t, } is
(5 Lo lopytez?
FC RS t 2 -::-—%— =—1"—1 = 1 1
B9 t= £ — - - expl S (E —+=+b)lanb wv=0
Tin+a+=-1} -ohs
(A 10)
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that R (5" t))~ Gamma distribution with mnew paramsters
1

It moeans

LT
a2 ]
R

(]

{ Romcay = I:ﬂ—a.—l_;—l}:b;-\.:-.-:.=l:i

s

2- The posterior distribotion nsine Chi-sgunare - Erlans distribuntion as dounble
prior:
To find The posterior distribution usine Chi-sguearad distribeticon— Erflangs distribution,

wa follow thasa staps:
"When the prior distribution of @ take Chi-sguared distribution, then the pdfis given

F8)=—~ (23 I 82  emp(—®) for 820 . v=12 v (A1)
= r!(l :. - i
2
Avpain, when prior distribution of 8 take Eflampg distribution, thenthap 4 £ is given b

£(8)=2% 8 =p-% 8) S BE0, A0 e (811
Wea defina the doubls prior for 8 by combinine thesstwro priors as followrs ==
BB £L8) 53('5 ¥ e ALY
1 15 o 1
B8 ) al—— (5} 2 82 exp(—8) JA° @ expl(-k 8 )] L ALS)
r‘l:::l - a_
a2 1= o+l
B8} ol =y <18~ explH{_— A ]}
2 " 2 2
I
S, N, |
BL8) o I, 84 expl{ B (—+ L) ] e LA LAY
P
Whera k. =[ (=» *1]
- WL s
I5)
Then the postarior distribution of 8 for the given the data t=(t, t..... bty Jis
givan by :
. Lit )y B9
Bt — - A )
( T Lieha) BAG i C
i)
Substituting the eguation {(4) and {A.14) in eguation {A.6]), wea gat:
32 rea 33019 s 33 o glea| s
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w
- Z+1-1
= Gl (& T —1: [, & smpl S (—=+413 3 1]
IT t? ey
B8 tl=—o0>m=t e A1S)
- -
| 1 =il 1
T flexpl BT —3 [k, 82 exp( B (S + A ¥ ED
0 IIt* Pmrt
-
ﬁ—T:-—]—] = 1 1
CHE exp(B(E L+220))
i=t L. =
i
B(8t)= cee CALED
i 1'-.
- "'ﬁ_T"_]_] - 1 1
e exp{H(E —+=+ A} de
I am i . =
i
Ex multiplying tha inteeral in eguation (A 16) by the gquantity wwhich equals to
2 1 1 fmeIsl)
(X ¢+gFh In+X+1)
(——2 - ¥ o = ——) . wheare T'(.})is a gamma
Tin+—=+1) = 11 =l
2 4 (= T_E_-:'le =
il
function . Then wra gat,
= (=1
(5 Laliay™2
. L < (o a1y -
B(a)=—"t i 8T et 124330 o (AlT)
Tin+ - +1} AL{tS) B
Where Al(t,S) =guals to
= e
(£ 2oy
= oo b o 1
Algegy=| —= — 8 T emp(H(Z —+5+A))dE=1. Be
0 In+—=<+13} = =
the inteeral of the pdf of Gamma distribution. Thean we gat the posterior distribution
of & given the data t=(t, t...... .ty } i5
= (el
(E Lo
:my L < P | u
P (g t)=—"t 1 =~ 87 2 axpl(H(E 1.ty yavaso
- Tin+=+1}) = b2

e LA LB
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It means that R (& t))~ Gamma distribution with new parameters

A3 D

b e

{ Bimcay = Eﬂ_l_l:':b}\-:u:.= I:'-E i
2 =1 L,

s

3- The posterior distribotion nsine samma - Erlans distribotion as double perior
To find The posterior distribution nsing gamma distribution— Erflans distribotion, we

follons thess stams:
"When the prior distribution of § talke gamma distribution, then the pdf is given by:

e A2

a
Avrpain, when prior distribution of 8 taks Eflans distribution, then the pdf is given by :

£ (B)=2% 8 =xp(-% 8 ) B B=0, A>0 e (AL 1T

i '\-_ba 3._1 5 i,
£ (8 ,-—r— G exp{-b & for ©=0, a2,b>=0

Wa dafine the doubls prior for 8 b combinine thesetero priors as followrs-- =
B(9)a £ (93 _:3['5'} ATy
- b= a—1 - = - -
B9y o[ = L sxpl{-b& ) JAT & expl-A 9 3] {4207
= a
b2 . =
Py o[— 27] 8 exp(S(b+2 13 D
4 T'a
P‘j['ﬁ'} o o, 8fenplS(b+A 3 D (& .21%
B2
Wherse k, =[— &% ]
T'a
Then the posterior distribution of @ for the given the data t={t t...... ty ¥is
sivean by -
. Lit "8y P8
BPHtl= — - e CA B
BV TTe) Doe)as ¢
G
Substituting the egquation {4) and {A 21} in sguation (A6, vwe g=t:
1 n - 1 a S
. 8amp(B8 E —) [l 8Fanp(®(b+223 ) 1
IT +* b by
B8 t)=—2mt (822
= = 1 = 1 .
[ —L efempre T L[k, 62expreb=2) ) B
1 I ti P t'i.
glaa=l-l e s L b))
s =t E.
i
B8t e LA23Y
=t ) fm =2+ 1-1 = 1 C
i @ exp{ B EZ — +b+A) ) db
o et b
i

B~ multiplying the inteeral in sequation {A.23) by thes quantit~which squals to
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I: 3 L

— 43 }L-.._-::.— =10
v J

: L
I'in+a—+1})
(n+a ¢

function . Than vwe gat,

-
F

I'fn+a+1)

} . where I'(.})is 8 gammma
1 - (o Fm )
+b+A)

i e

Bralt=——t 1
R PTI

Jorm =171 = 1 S
0 ) 8 S tb+A) D
305 =p(8(z ;

LA 2L
Where AZ2(t &) =gquals to
I:i __-b_;ll-...-::n—a—]_-
= -t ) { 131 = 1
A(tEy= | =t - BETE N e p( BH(E —+ b+ A3 3d6=1.E=
0 I'fn+a—+1% =t
the inteseral of the pdf of Gamma distribation . Then wa gat the posterior distribution
of & given the data t=(t, t..... .ty } is
(E = +b+a =D
=t E: - . =
Biait=—"t 1 e e e - - 1 oibhsay boabon, A o=0
3 Tinta =1} [P
It means that

(AZ2S)
E {8t~ Gamma distribution with e
paramsaters { @me = {n+ 2+ 13, beew = [:-Z l:_l b <R 3.
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Appendix-B
The following is the derivation of these estimators under the squared error
loss function.

The sguared error loss function
To obtain the Bayes" astitmator, we minimmizathe postericr expactad loss givan by

L{&,8y=( 8- &) ,theriskfunctionis:
Fi% -8y =E[L, {9 -9)] AB.1}

F(8 -8) = [L,(&-8) B8  x)d8
)

R(8-8)=[(8-8)" PO 'x)dd —R(S-8)=[(® -208+87) P(8 ' x)dd

) 8
R(6 -8)=6 ~[ P(6 \x)d6—26 [6 P(6 . x)d6 = [6° P(s \x)db6 =
] a a
R(6 -6) =6 *— 28 E(8 \x)+ E(8° ".x) . (B2}
Lat iﬁE‘_[-ﬁl -@y =10 .we gstBaves astimator of @ denotedbyw &_,,., forths
26
abovwea prior as followrs
6= =E(8\x)=[6P(8" x)d8 .. (B3}
a

1. Baves estimation usine Chi-sguare - Gamma distribotion as dounble prior:
To obtain the Baves" astimsator undsr Chi-square - Gamma distributionas double
prior. Substituting the equation {A. 10} in equation{B. 3, vwa gat:

(r Lol =3 _
- = .t 2 (a1 a 1 1
B, =[o =t i _ 8T T axpr8E —+=+b) W6 . (B.4)
5 Tin+a~+— -1} R
. - Ei ti—:l—b:.i"—a—-.—] L -
B, =] o™ T e L+libyye (B3
a o £

Tin+a+—-1} =

Ex multiplying the intzeral in aquation (B.5) by the quantity which squals to

¥. where I'{_ }is & gamma function. Then, we have
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I:i _]_ _]_ b_\_::.—a—_—]
: = .t 2 (o Esay1 = 1 1
'Els:=B]_| t- 1 — B F 7 emplH(E —+—- b)) ME . (B.6)
% l"l::n.—a.——':—l} =t <
Then, wea have
. l_'I::n.—a.—l_;}
B = 2 Bt 8) e (B.T)
r.:n—a—l-r-(i t—l_—El—b:-
LS 1
Whare BXNt$5) =gquals to
(3 Loloped
= P 2 (o a1 = 1 1
B:I:t;ﬂ}=_| - 1 — B+ explH(E —+5+b) KE=1 Besthe
- Tin+a+—=} =t <

2

inteegral of the pdf of Gamma distribution. Than wa g=t the Bayas astimator of § as

the following formula:
Ifn+a-+ 5

2
t

i s
0
Il

nb. a v=0 U =
1"(11.—3.—

2. Baves estimation nsine Chi-sguare - Erlane distribution as double prior:
To obtain the Bayeas" estimator nndsr Chi-squars - Eflang distribation as doubla
prior. Substitutine the aguation (A .18} in eguation (B 3, wa gat:

B = [BELL6 '\ x)aB
[}

= 1 1 me el
- - (z t_ _E T - (o aT1 1 1
O = JO—— 87 1 exp(H(E —+5+A))d8 .. (B.9)
el I'in+—=+1)} =
= 1 1 s+
- - I:.%. t_-_j_}“ B f e T e B n 1 1
L =J el — 8" " emp{ G(F — +5 +A) 148 =y
d Tin+— +1} b
Brr multiplving the in 2 t=eral in eguation {B. 107 by the quantitywhich egquals to
-
Iin+—+2%
B3i={ 3_ ¥. where T'( )is a gamma function. Then, we have
I'in+ 5+2
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Whers BXt5) =_-q_ua-ls to

- T s,
(2 Laloa T
= _,t 2 (= E+21 s 1 1
Bagtgy=] —=—2 — 87 2 exp(B(E —+ =+ i) MB=1. Be
- l_'I:n—;__—E',‘- =1 t .

the inteeral of the pdf of (Gamma distribution. Then we g2t the Bayvas astimator of &
as the following forrmula:

INin+—+

- 2

Fo =

n, wv.h =40 . {B.13%

Tin+Z+13(

o

e )

L L IS1E

2
1

(] -

3. Bayves estimation nsing samma - Erlans distribotion as dowble prior:
To obtain the Baveas" estimator undsr Chi-square - Erflans distribition as doubls
prior. Substihtine the aquation (A 24) in saquation (B3], wea gat:

-~

8 = [OE (6 x)d8
o

(5 Lapen yiee=D
. = Tt . . - 1
= oo L T4 {orezsTr1 I TR T T W
b e 8 exp(8(E —+b+A))d8 .. (B.14)
(3 Lapen s
- Foa- B (mte 1yl ] ] - -
L I =] TmsasD o ! zxpl:-ﬁli_‘z': —+b+A) 30 . (B.153)
o -~ -1
BErr multiplyving the intzpral in equation {E. 151 b the quantitewrhich eqguals to
I b 1
Bs= I:ll:Eﬂ—a: ¥. whers T'(.})is 2 eammas function. Then, we hawve
n+a=+2)
(2 Lapsa yi==D
- = PR - P T L] ]_
8., =Bs] =t 1 gleresleil ¥ — +b=+A) )6 ... (B.16)
= 5! Itn+a+1} ==p{ E; t = (

Then_ wrea hava
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l:i i_b_.:ll. :. el
6. —Bs] S-tod glees el caes 1 Ly 10y 340 (BAS
= ":I I'fn+a+1}) -t o T
Then_ we hava
N Ly
B, = Tin+a=+2) BaE.8) {BI1T
Tin+a=+13 (X t_l—b—}t:-
FRC |
Whare B&tS) squals to
(3 Lapaa yiomd
= - e = 1
N = - i {mra+Ir1 — —h—= W haS = 2 1
Bt 5) _l Tmsas3 L) zrsp[-ﬂli:; - b+i ) »dd =1 Bathe
intagral of the pdf of Gamma distribnition. Than wa gzt the Baves astirnator of & as
thea followring formula:
8. = Tin+a~+ nb.oai >0 . (B.18}

N

Algorithm (1): To compute MLE for scale parameter (0 ) with MSE.

Ziven wvaloe for the parameter & and sample size=n,

amd the number of replicatiom (r=1HMK) for each
samiple size {m).

‘-'-H For i=1 to r

+

Cenerated data from inverted ecpomential distriboton nsing
LDiadab t; = — { &' 1lnd{u; ) where u_; ~ aniform dist ™ {0, 1)

Compuwte [ Sop z (i))nsing formmla (6), alsoe compote

AEE{SI) wsing formmla (10) for r=1.

No

w*  Yes

Compute the mean for (g i))for all r=10HY, alsos

compute the mean for AMSE(S(D) for all =10

39
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n

Algorithm (2): To compute Bayes estimators (0se1 ) using Chi-square - Gamma Distribution as
double prior distribution for 6 with MSE.

EZiven valoes for the parameter & and sample size = m,

amd v and {2 , b ) are the parameters for Chi-sguare -
Camma distriboton and the mumber of replication
{(r=1HH) for each sample size {(m).

|

'-'-I For i=1 to ¥

+

Cenerated data from imverted expomential distribwton wyinmg
Mhiatlab t; = — { 8 1In { u; ) where u,; ~ uniform diwt 200 _ 1

+

Compuate S=:ijusimg Fformmla im table {3}, alioe

comp@ie RSE{Sm=1{i)) mying formmla (10 for r=1.

- —rF i)

B - Wes

Compute the mean for S=:i)for all r=1IMHH, also

compuie the mean for REE{®= (i)} for all r=11HHL

n

Note (1): we can reformulate the Algorithm (2) to compute Bayes estimators Osex ,K =2,3

under using other distributions as double prior distribution for 0 with MSE.

Appendix-C: The following is the programs algorithm.
Appendix-E: The summarized and tabulated discussions and conclusions.
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Table 5-1: Best Estimation according to the smallest value for MSE.

method parameters Estimate for 6 ( 0) MSE
Sample Size(n) Sample Size(n)

3] - - - 30 60 o0 120 a0 60 20 120
MLE 0.5 051281 [ 0.508592 | 0.50505 [ 0.50543 | 0.00866 | 0.00444 | 0.00295 | 0.00238
Baves i) v a b (P.(B8 %) ) = Chi-square - Gamma distribution

0.5 | 1 1 2 | 049936 [0.50231 [0.50075 [ 0.5022 [ 0.00736 [ 0.00407 [ 0.00279 [ 0.00227
Baves [a] v A - (P.(8 %) )=Chisquare - Erlang distribution

0.5 1 2 0.51573 [ 0.51061 [ 0.50628 [ 0.50637 [ 0.0081 [ 0.00432 [ 0.00289 [ 0.00235
Baves B a b A (P.(8"'X) )=Gamma - Erlang distribution

1 2 2 0.511 0.50833 | 0.504582 | 0.50527 | 0.00743 | 000413 | 0.002581 | 0.00230

MLE 1 1.0256 10178 1.0145 1.0081 0.03464 | 0.01778 | 0.01328 | 0.00571
Baves i) v a b (P.(B8 %) ) = Chi-square - Gamma distribution

1 1 1 2 | 025837 [ 095387 | 0.09186 | 0.99127 | 0.02661 | 0.01523 [ 0.01186 | 0.00809
Baves i) v A - (P.(B %) )=Chisquare - Erlang distribution

1 1 2 0.9898 [l.0001 [ 1.0028 [ 0.99040 [0.02664 | 0.01547 [ 0.01206 [ 0.00815
Baves o] a b A (P.(B'%) )=Gamma - Erlang distribution

1 1 2 2 095913 | 0.9539 0.9918 099128 | 0.02427 | 0.01450 ( 0.01147 | 0.00759
MLE 1.5 1.53584 1.519 1.5152 1.5185 007796 | 0.03899 | 0.02553 | 0.02137
Baves i) v a b (P.(B8 " x) ) =Chi-square - Gamma distribution

15 | 1 2 2 [ 14272 [1.4620 14504 [1.49 [ 0.05615 [ 0.03290 [ 0.02240 [ 0.01908
Baves i) v A - (P.(B %) )=Chisquare - Erlang distribution

1.5 1 2 1.4272 [1.4629 [1.4804 [1.490 [ 0.05615 [ 0.03200 [ 0.02240 [ 0.01208
Baves [a] a b A (P.(B'x%) )=Gamma - Erlang distribution

1.5 2 2 2 13979 1.4463 1.4687 1.4809 0.05290 | 0.03153 | 0.02162 | 0.01843
MLE 15 2.504 2.5445 25363 2.5231 0.21656 | 0.09685 | 0.08302 | 0.053558
Baves i) v a b (P.(8 %) )= Chi-square - Gamma distribution

15 1 2 1 23756 2.4498 24728 2.4759 0.15598 | 0.02157 | 0.07204 | 0.04852

2 2 1 24164 2.4697 2.4863 2.4861 0.15276 | 0.09142 | 007226 | 0.04852

Baves i) v A - (P.(B %) )=Chisquare - Erlang distribution

1.5 1 1 23786 2.4498 24718 2.4759 0.15598 | 0.09157 | 0.07204 [ 0.04852

15 2 1 24104 2.4697 2.4863 2,486l 0.15276 | 0.09142 | 0.07226 | 0.04852
Baves o] a b A (P.(B'%) )=Gamma - Erlang distribution

25 | 2 2 0.5 [23132 [2.4121 [2.42001 [2.456 [ 0.14952 [ 0.08736 | 0.07102 | 0.04719
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