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Abstract

The comparison of double informative priors which are assumed for the
reliability function of Pareto type | distribution. To estimate the reliability
function of Pareto type I distribution by using Bayes estimation, will be used two
different kind of information in the Bayes estimation; two different priors have
been selected for the parameter of Pareto type | distribution . Assuming
distribution of three double prior’s chi- gamma squared distribution, gamma -
erlang distribution, and erlang- exponential distribution as double priors. The
results of the derivaties of these estimators under the squared error loss function
with two different double priors. Using the simulation technique, to compare the
performance for each estimator, several cases from pareto type I distribution for
data generating, and for different samples sizes (small, medium, and large).
It has been obtained from the simulation results the double prior distribution of
gamma-erlang distribution with (a,b,A) give a good estimation for reliability

function R(t) when the true value for (a=1&1.56=0.5) for all t.Also the
double prior distribution chi- gamma square distribution with (v, a, b) give good
estimation for reliability function (R(t)) when the true value
(@=1,0=1.5)& (a=1.50=2.5) for all t. And the same thing for (a=1.56=1.5)
with the values of the parameters (v,a,b) and for all t except t=1.3. It has
obtained a good estimation for reliability function (R(t)), when the double prior
distribution is chi-gamma square distribution with (v, a,b) at the true value for
(a=1,86=2.5) for all t.

Key words: Pareto type | distribution, reliability function, bayes method, double
prior distributions (chi-gamma square distribution. gamma- erlang distribution,
erlang exponential distribution, the squared error loss function.
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Comparison of Bayes' Estimators for the Pareto Type-I
Reliability Function Under Different Double Informative
Priors Functions

1. Introduction

The Pareto type | distribution is a member of continuous
probability distributions. It has been introduced by Pareto in (1897). In addition
to economics, its models is now being used in a wide range of fields in several
different forms such as insurance, business, engineering, survival analysis,
reliability and life testing. The Pareto type | distribution is studied as a lifetime
testing experiments, the failure times of units placed on the test are not always
observed by the experimenter. Some of studies mentioned in a brief manner: In
(2003) Nadarajah and Kotzy [5] estimated the reliability function of several
Pareto distributions and derived the corresponding forms. Regard the estimation
of the reliability R = Pr(X; < X;) when X; and X, are independent random
variables belonging to the same univariate family of distributions .In (2006)
Saleh[ 9] estimated the reliability function of Pareto type | by using bayes
estimation, comparing it with different estimation methods and obtaining the
results using simulation .In (2007) Howlader and other [4] used natural
conjugate and minimal information priors for Bayesian estimation and
prediction from Pareto type | distribution to obtain, compare the highest
posterior density intervals for the parameter p and also for the associated
reliability function. Also, they derived the highest posterior density intervals for
a future observation. In (2010) Odat [6] estimated the reliability function on
estimation of p (X > y) when x and y are two independent Pareto type I
distribution, deriving the maximum likelihood and its asymptotical distribution
for the reliability function. In (2014) Basim [2] estimated the reliability function
of the Pareto type | distribution by using three methods includes maximum
likelihood method, the first modification maximum likelihood method and
method of moments. Using simulation to find the best method of estimation this
function according to the smallest value of MSE. In (2014) Gazi and Rasheed [8]
estimated the reliability function of the Pareto type | distribution under
Generalized square error loss function in addition to Quadratic loss function,
with informative and non-informative prior, assuming that the scale parameter
(o) is known. They used Monte Carlo simulation to obtain the estimators and
compared empirically according to the smallest value of the Integral mean
squares error (IMSE). In (2015) Usta and Gezer [10] estimated the parameters
and reliability function, hazard rate function and mean time system to failure, of
Pareto-1 distribution based on progressively type-11 censored sample with
random removals. They assumed that the number of units removed at each
failure time follows a binomial distribution. They used the maximum likelihood
method to obtain the estimators of parameters and reliability characteristics
functions of Pareto-I distribution. They obtained the results by using simulation
and compared the performance of maximum likelihood estimates under
progressively type-11 censoring with the different random schemes.
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Reliability Function Under Different Double Informative
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The Aim of this paper is to obtain bayes Estimators for the reliability
function of Pareto type I distribution under different double informative priors.
A few studies present in double informative priors, mentioned above: Abdul Haq
and Muhammad Aslam [1], they used double prior selection for discrete case in
the case of Poisson distribution. Radha and Vekatesan (2015), they studied
double prior selection for continuous case in the case of Maxwell distribution [7].
They assumed that generalized uniform-inverted Gamma distribution as double
priors.

Studying double prior selection for continuous case in the case of the
Pareto type | distribution. Assuming that Chi-squared - Gamma distribution
and- Gamma- Erlang distribution as double priors, to find best method to
estimate the reliability function of Pareto type | distribution .According to the
smallest value of Mean Square Errors (MSE) were calculated to compare the
methods of estimation. Several cases from Pareto type | distribution for data
generating, of different samples sizes (small, medium, and large). The results
were obtained by using simulation technique.

2. The Pareto Type | Distribution

Let us consider 'wl2-olnis a random sample of n independent
observations from a Pareto type | distribution having the probability density
function (pdf) define as :

0o’
t(6+l) !

f(t;0,0)= t>a,a>0 ,6>0 . (1)

Where @ is scale parameter and Ois the shape parameter. So, the
cumulative distribution function (cdf) is given as;

F(t;e,a):l-(%)e o t>a, 0,00 - (2)

Also, the Reliability function is
R(t):(%)e . t>0, 0,0>0 . (3)

3. Bayes Estimation Method
In this section, we used several methods to estimate Reliability function

(R(t)). Let (tts 0t )be a random sample of size n with probability density
function given in equation (1) and likelihood function from the Pareto type | pdf
given in (1) will be as follows [3]:
N N 0o’ n_.no n . 0-+1
L(t| 6)= IT f(t;0)=1II oo =0 o 1t
. o (64D .
i=1 i=1 i=1
We can rewrite it as follow:
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L(t| 0)=0"exp (n6 In(a)) exp(-(0+1)In P[ t.)
i=1

L(t| )= 0"exp (n6 In («)) exp(-(0+1)Y Int,)

i=1

L(t| 0)= Gnexp (n6 In(a)) exp(-ezn: Int; -

n
i=1 i=1

Int;)

- (4)

In this paper the posterior distributions for the unknown parameter 0
are derived using the following three types of double informative priors, here we

have assumed

1. Chi-squared — Gamma distribution.

2. Gamma- Erlang distribution.

3. Exponential - Erlang distribution.

As double priors, and then get bayes estimation.

3.1 The posterior distribution using different double priors

It is assumed that 6 follows four types of prior distributions with pdf as given in

table -1:

Table -1: The four types of prior distributions (f;(0)) with pdf for6.

Prior distribution f.(0) ,i=1234
vV
. 1 175 - 1
9~Ch|-Square(V) fl(e):_v (E) 6 exp(-EG) for 9201\/:1121 v
F(E)
0 ~Gamma (a,b) pa

f (0)=— 02~ exp(-bo
L(0)=2- xp(-bo )

for 620, a,b>0

0~Erlang (1) f.(6)=2" 6 exp(-10)

for 06>0, >0

0 ~ Exponential (1,) f,(8)=2ep(-2 6)

0>0, A, >0

And their double prior’s distributions with pdf as given in table -2:
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Table -2: The three types of double prior distributions (P,(6)) with pdf foro.

Prior distribution P(6) ,i=123

(ab)

6~ Chi-square (v) -6~Gamma 1

P(0) 0 f(0) f(6)
—% ba !+a—2

1y 207 o2 ot
(2) 1ﬁa]e exp(9(2+b))

P.(0)al
1 Vv
rc)

6~Gamma (a,b) -0~Erlang (1)

P,(8) a f(8) f.(6)

a
P (0) al-> 23] 0%xp(-0(b+1) )
2 I'a
6~Erlang (1) -6~Exponential | p,(0) a f.(8) f,(6)
() :

P3(6) af A A 0ep(-06(L+1,))

Then the posterior distribution of 0 for the given the data t=(t,,t,,...,t,)is

given by:

L(t| 6) P(6)

P(O| t)=
0

[ L(t| 6) P(6)do

.(5)

Substituting the equation (4) and for each P(8) as shown in table -2 in equation
(5), we get the posterior distributions for the unknown parameter 0 are derived
using the following three types of double priors (for more details see Appendix-

A).

Table -3: The posterior distributions (P(6\t)) for the unknown parameter
(0) are derived using the following three types of double priors.

Double prior dist",

The posterior distribution (P(6| t) )

0~ Chi-square

P1(9| t) ~ gamma distributi on (ﬂ-{r.afw}Z(ﬂ+a+;-1):b[naw)= (i Int, -nln(a }+?1+b))
- i=l -

(n+a+1)

n
(% lt, —nh(a )+;l+b)

(v)- p,(8 p=_=1 G(H%H_l}_lexp( (3 Int. —nln(a )+2+b))
~ 1 - ; TR BT 5
6~Gamma (a,b) r(n+a+§-1) = 2
a.anbv>0, 820
Journal of Economics and 5 Vol.25 No.113 2019

Administrative Sciences




Comparison of Bayes' Estimators for the Pareto Type-I
Reliability Function Under Different Double Informative
Priors Functions

6 ~Gamma (a,b)-

P3(8| f) ~ gamma distributi Oﬂ(a.{r.au'}=(ﬂ+a+1):b{n=_n'}=(i Iht,—nln (o )+b+4))
=

n
6~Erlang (1) (T int, —nh (o) +b+ 2) @D

Tln+a+l) =}
a.abn Ax=0 . 6820

0~Erlang (L) -
6 ~Exponential

(%)

P.(6 | t) ~ gamma distributi on ( agew = (o + 2), biewy= (i Int, —nl () +r+24))
-1

n 3
(T Int, —nh () +A+h) (+2)
P (6] n=_=1

(n+2)-1 z B
T +2) 0 exp(-8(% Int.—nl () +1+%,)

o0 A =0 . 820

3.2 Bayes' Estimators
Bayes' estimators for Reliability function (R=R(t)), was considered with two

different  double priors and under the squared error loss

AN AN AN

functionL( R, R)=(R- R)>. Where R an estimator for R, was considered

with two different double priors, and under the squared error loss function. The
following is the derivation of these estimators:

3.2.1 The squared error loss function
To obtain the Bayes' estimator, we minimize the posterior expected loss given by:

L( FAQ, R):(FAe- R)’ .. (6)

After simplified steps, we get Bayes estimator of R(t) denoted by R,(t)for the
above prior as follows

IA?i(t)zTR(t)Pi(O\t)dB =123 (7

So, the following results are the derivations of these estimators under the
squared error loss function with three different double priors (for more details
see Appendix-B).

P (8] p=_=1 0=y (S It —nh (0)+b+ W),
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Table -4: The estimators ( R;(t) ) under the squared error loss function
With three different double priors.

Double Prior

distribution R, (t) = ! RMP(6|t)do , =123

n 1
> Inti —nIn(a)+E+b

. - i=1 (n+a+%—1)
0~ Chi-square (v)- | Rsa(t)=( - !
6~Gamma (a,b) Y Int; ~(n+D)in(a)+In(t)+ +b

i=1
,t,a,n,b,a,v>0
n
> Inti -nin(ao)+b+ A
0~Gamma (a,b)- R 3 -1 (n+a+1)
0~Erlang (1) s (0=
> Inti —(n+)In()+In(t)+b+ A
i=1
,tLonbai>0

n
(X Int, —nln(a)+X+)Ll)(n+2)
0~Erlang (L) - IA?E 0 - 2

6 ~Exponential () SE

n
(X Int; —(n+1)In (o) +In (©)+2+2 (n+2)

)
i=1 1

to,n A A, >0

4. Simulation Study

In this study, we have generated random samples from a Pareto type |
distribution and compared the performance of bayes estimator based on them.
So, we have considered several steps to perform simulation study as follow:
1. We have chosen sample size n = 30, 60, 90 and 120 to represent small,
moderate and large sample size.
2. We generated data from a Pareto type | distribution for the scale parameter,

according to the following cdf F(t;0,0)= 1-(%)e , by setting

F. =u,whereu; ~ uniformdist." (0,1), we have t. =a(1-ui)'(1/9) We have
considered randomly several values for the shape parameter of Pareto type |
distribution6 =0.5, 1.5, 2.5 and the scale parameter a=1,1.5 .

3. We used randomly the values for the parameters of the Chi-square (Vv)-
Gamma (a,b) distribution (v= 1,3) and (a, b) = (3,2), (3,4) as double prior
distribution for0.
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4. We used randomly the values for the parameters of the Gamma(a , b )-Erlang
(1) distribution (a , b) = (3,2) ,(3,4) and (A=4,6) as double prior distribution
for6.

5. We used randomly the values for the parameters of the Erlang (L) -
Exponential (A,) distribution (A=3, 4) and (%,=0.5, 1) as double prior
distribution for9.

6. The true R(t) is computed according to the formula (3) with 6 =0.5, 1.5, 2.5
and the true tist=1.3,1.6,1.9,2.1,2.4.

7. The number of replication used was (r =1000) for each sample size (n).

We obtained estimators for reliability function (R(t)), the estimators in the table-

4 in section (3.2.1), it means the estimators R, (t)under the squared error loss
function with three different double priors .The simulation program was written
by using MATLAB-R2008a program .After the reliability function (R(t)), was

estimated, Mean Square Errors (MSE) was calculated to compare between the
bayes estimators, So we have the following criterion.As the following stepes:
1. We generated data t; for each sample size, let n=30.

n
2. Then computed Y Inti.

i=1
3. computed R(t) according to the formula (3) at t =1.3 for L=1.

4. computed R, (t) according to the formula in table (4) at t=1.3 for L=1.

5. Computed (R, (t)-R(t))* for L=1.
6. The number of replication used for (L =1000) for each sample size (n=30).

N

7. Then computed the MSE( R (t)) according to the formula (8) as shown bellows.

MSE(FAe(t))=%1:’zjl° (R, ()-R(1)? (8)
See appendix-C for the programs algorithm .The results of the simulation
study are summarized and tabulated in tables (4-1) - (4-9).In each row of tables
(4-1) - (4-9) ,we have four estimated values for R(t) R, (t)with MSE for all
samples sizes (n) and values (v, a, b, A& 2,) respectively. By using bayes
estimation method under the squared error loss function with three different

double priors. So, our criterion is the best method that gives the smallest value of
(MSE). We list the results in the following tables (4-1) - (4-9).
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N

4-1: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))

when double prior distribution is (Chi-square (v) -Gamma (a, b)) distribution.

parameters R( t) (R (t )) MSE(R { t)
Sample Size(n) Sample Size(n)
30 | e | 9 | 120 30 | 60 | 9% | 120
o 5} t v a b (P8 | %) ) when double prior distribution is (Chi-square(v) -Gamma (a ,b)) dist=.
05 | 13 | 1 3 0.87706 | 0.86971 | 0.87336 | 0.87423 | 0.87532 | 0.00049 [ 0.00024 | 0.00015 | 0.00011
1.6 0.79057 [ 0.7794 | 0.78495 | 0.78623 | 0.78793 | 0.00122 | 0.00063 | 0.00040 | 0.00028
1.9 0.72548 [0.71218 | 0.71879 |0.72027 | 0.72233 | 0.00185 | 0.00097 | 0.00062 | 0.00044
21 0.69007 | 0.67589 | 0.68294 | 0.68448 | 0.68671 | 0.00220 | 0.00117 | 0.00075 | 0.00053
24 0.6455 | 0.63049 | 0.63796 | 0.63955 | 0.64195 | 0.00261 | 0.00140 | 0.00090 | 0.00064
1 |05 [13] 1 3 4 | 087706 [0.87366 | 0.87532 | 0.87553 | 0.87629 | 0.00039 | 0.00022 | 0.00014 | 0.00010
1.6 0.79057 [ 0.78569 | 0.78808 | 0.78832 | 0.73943 | 0.00099 | 0.00057 | 0.00037 | 0.00027
1.9 0.72548 [ 0.71997 | 0.72269 | 0.72287 | 0.72427 | 0.00153 | 0.00089 | 0.00058 | 0.00042
21 0.69007 | 0.68441 | 0.68721 | 0.68734 | 0.63884 | 0.00183 | 0.00106 | 0.00070 | 0.00051
2.4 0.6455 | 0.63982 | 0.64265 | 0.6427 | 0.6443 | 0.00219 | 0.00129 | 0.00084 | 0.00061
1 |05 13 3 3 2 | 0.87706 | 0.86599 | 0.87143 | 0.87296 | 0.87437 | 0.00057 | 0.00027 | 0.00016 | 0.00011
1.6 0.79057 [ 0.77347 | 0.78192 | 0.78419 | 0.7864 | 0.00143 | 0.00069 | 0.00043 | 0.00029
1.9 0.72548 [ 0.70482 | 0.71501 | 0.71772 | 0.72042 | 0.00217 | 0.00106 | 0.00066 | 0.00046
2.1 0.69007 [ 0.62167 | 0.6788 | 0.68169 | 0.63461 | 0.00303 | 0.00126 | 0.00079 | 0.00055
2.4 0.6455_ | 0.62167 | 0.63341 | 0.63648 | 0.63964 | 0.00303 | 0.00151 | 0.00096_| 0.00067
1 0513 3 3 4 | 087706 [0.87004 [0.87345 [0.87427 | 0.87534 |0.00045 | 0.00023 | 0.00015 | 0.00010
16 0.79057 [0.7799 | 0.78509 | 0.78629 | 0.78796 | 0.00113 | 0.00061 | 0.00039 | 0.00027
1.9 0.72548 [ 0.71277 | 0.71895 | 0.72035 | 0.72237 | 0.00172_| 0.00094 | 0.00061 | 0.00043
21 0.69007 | 0.67651 | 0.68311 | 0.68457 | 0.68675 | 0.00204 | 0.00112 | 0.00073 | 0.00052
2.4 0.6455 | 0.63115 | 0.63814 | 0.63964 | 0.642 0.00243 [ 0.00135 | 0.00088 | 0.00063
Continue for Table 4-1
N
4-2: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
When double prior distribution is (Gamma (a, b) - Erlang (1)) distribution.
pill'illIletBl”S R( t) ( R (t)) )ISE{ R .{t } }
Sample Size(n) Sample Size(n)
30 | 60 | 9 120 30 | 60 | 9% | 120
o 6 t a A (P,(0 | X) ) when double prior distribution is (Gamma(a ,b) - Erlang [ 1)) dist®.
1 05 | L3 3 4 | 087706 |0.87116 | 0.87398 | 0.87462 | 0.87559 | 0.00041 | 0.00022 | 0.00014 | 0.00010
L6 0.79057 ] 0.78166 | 0.78592 | 0.78634 | 0.78836 | 0.00103 | 0.00058 | 0.00038 | 0.00027
1.9 0.72548 | 0.71493 | 0.71999 |0.72103 | 0.72287 |[0.00158 | 0.00090 | 0.00039 | 0.00042
2.1 0.69007 | 0.67887 | 0.68424 | 0.68532 | 0.6873 [0.00188 | 0.00108 [ 0.00071 | 0.00051
2.4 0.6455 0.63371 | 0.63938 | 0.64046 | 0.6426 0.00224 | 0.00130 | 0.00086 | 0.00062
1 [o05]13] 3 2 6 |087706 |0.87485 | 0.87586 | 0.87589 | 0.87654 |0.00033 | 0.00020 | 0.00013 | 0.00010
1.6 0.79057 | 0.78754 | 0.78895 | 0.78889 | 0.78989 [0.00086 | 0.00053 | 0.00035 | 0.00026
1.9 0.72548 [0.72224 [ 0.72376 [0.72358 | 0.72478 [ 0.00133 | 0.00083 | 0.00055 [ 0.00040
2.1 0.69007 [ 0.68686 | 0.68838 | 0.68812 | 0.6894 [ 0.00159 | 0.00099 | 0.00066 | 0.00049
24 0.6455 [0.64248 | 0.64393 | 0.64354 | 0.64491 [0.00192 | 0.00120 | 0.00081 [ 0.00059
1 [o05]13] 4 3 4 | 087706 |0.86956 | 0.8731 | 0.87402 | 0.87513 |0.00042 | 0.00023 | 0.00015 | 0.00010
1.6 0.79057 [0.77908 | 0.78452 [0.78588 | 0.78762 [ 0.00107 | 0.00059 | 0.00038 [ 0.00027
1.9 0.72548 [ 071171 [ 0.71823 [0.71982 | 0.72194 [ 0.00163 | 0.00092 | 0.00060 [ 0.00043
2.1 0.69007 | 0.67533 | 0.68231 | 0.68399 | 0.68629 | 0.00194 | 0.00110 | 0.00072 | 0.00051
24 0.6455 [ 0.62982 [0.63725 [0.639 0.64148 [ 0.00231 [ 0.00132 | 0.00087 [ 0.00062
1 [05]13] 4 3 6 |087706 |0.87323 | 0.87499 | 0.87529 | 0.87608 [ 0.00034 | 0.00020 | 0.00013 | 0.00010
1.6 0.79057 [ 0.78493 | 0.78753 | 0.78792 | 0.78915 |0.00087 | 0.00053 | 0.00035 | 0.00026
1.9 0.72548 [ 0.71897 [0.72199 [ 0.72237 [0.72385 [0.00135 | 0.00083 [ 0.00055 | 0.00041
2.1 0.6%007 [0.68327 [ 0.68643 [ 0.68673 | 0.68838 [ 0.00161 [ 0.00100 | 0.00067 [ 0.00049
24 0.6455 |0.63851 | 0.64178 | 0.64207 | 0.64378 [0.00193 | 0.00120 | 0.00081 | 0.00060
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parameters R(t) (R (t_jj MSE( R_(t]]
Sample Size(n) Sample Size(n)
30 ] 60 | 9 | 120 30 ] 60 | 9% | 120
a 8 t v (P(8 | x) ) when double prior distribution is (Chi-square(v) -Gamma(a ,b)) dist=.
15105 | 13 1 - - - - - - - - -
1.6 0.96825 | 0.96614 | 0.96702 | 0.96758 | 0.96779 | 3.7554e | 1.8939¢ | 1.0926e= | 8.7861e"
1.9 0.88852 | 0.88177 | 0.88456 | 0.88638 | 0.88708 | 0.00040 | 0.00020 | 0.00012 | 9.8354e*
21 0.84515 | 0.83627 | 0.83992 | 0.84233 | 0.84326 | 0.00073 | 0.00037 | 0.00022 | 0.00017
2.4 0.79057 | 0.7794 0.78395 | 0.78702 | 0.7882 0.00122 | 0.00063 | 0.00037 | 0.00030
1.5 | 05 | 1.3 1 - - - - - - - - -
1.6 0.96825 | 0.96722 | 0.96756 | 0.96793 | 0.96805 | 2.9969¢* | 1.6777e* | 1.0128e* | 8.3383e"
1.9 0.88852 | 0.885383 | 0.88636 | 0.88756 | 0.88796 | 0.00032 | 0.00018 | 0.00011 | 9.3602e*
2.1 0.84515 | 0.84112 | 0.84234 | 0.84393 | 0.84445 | 0.00059 | 0.00033 | 0.00020 | 0.00017
2.4 0.79057 | 0.78569 | 0.78711 | 0.7891 0.78975 | 0.00099 | 0.00057 | 0.00035 | 0.00029
15105 | 13 3 - - - - - - - - -
1.6 0.96825 | 0.96511 | 0.9665 0.96723 | 0.96753 | 4.4905¢ | 2.1024e | 1.1725e= | 9.2233¢F
1.9 0.88852 | 0.87837 | 0.88283 | 0.88523 | 0.88621 | 0.00043 | 0.00023 | 0.00013 | 0.00010
2.1 0.84515 | 0.83169 | 0.83758 | 0.84077 | 0.84209 | 0.00086 | 0.00041 | 0.00023 | 0.00018
2.4 0.79057 | 0.77347 | 0.78091 | 0.78499 | 0.78667 | 0.00143 | 0.00070 | 0.00039 | 0.00031
1.5 1 05 | 1.3 3 - - - - - - - - -
1.6 0.96825 | 0.96623 | 0.96705 | 0.96759 | 0.9678 3.4715¢* | 1.8249%* | 1.067e* | 8.6335e"
1.9 0.88852 | 0.88207 | 0.88465 | 0.88642 | 0.8871 0.00037 | 0.00020 | 0.00011 | 9.6659e*
2.1 0.84515 | 0.83667 | 0.84004 | 0.84238 | 0.84328 | 0.00068 | 0.00036 | 0.00021 | 0.00017
2.4 0.79057 | 0.7799 0.7841 0.78708 | 0.78823 | 0.00113 | 0.00061 | 0.00036 | 0.00029
Note: When double prior distribution is (Chi- square (v) -Gamma (a, b)) dist"., at t=1.3, we
obtained
N
un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).
Continue for Table 4-2
parameters R(t) (Rt )) MSE(R .(t) )
Sample Size(n) Sample Size(n)
30 | 6 | 90 | 120 30 | 60 | 90 | 120
a 6 t a (P(8 | X) ) when double prior distribution is (Gamma(a ,b) - Erlang ( 1)) dist®.
15 1 05 | L3 3 - - - - - - - - -
1.6 0.96825 | 0.96654 | 0.96719 | 0.96768 | 0.96787 | 3.1511e® | 1.7353e* | 1.033e® | §.437ef
1.9 0.88852 | 0.88309 | 0.88514 | 0.88672 | 0.88732 | 0.00034 | 0.00019 | 0.00011 | 9.4528e°
2.1 0.84515 | 0.83803 | 0.84069 | 0.8428 0.84359 [ 0.00062 | 0.00034 | 0.00021 | 0.00017
2.4 0.79057 | 0.78166 | 0.78495 | 0.78762 | 0.78863 | 0.00103 | 0.00058 | 0.00035 | 0.00029
1.5 0.5 1.3 3 - - - - - - - - -
1.6 0.96825 | 0.96756 | 0.96771 | 0.96803 | 0.96812 | 2.5685e* | 1.5507e* | 9.6367e® | 5.0423e ¢
1.9 0.88852 | 0.88647 | 0.88688 | 0.88788 | 0.88819 | 0.00028 | 0.00017 | 0.00010 | 9.0359¢*
2.1 0.84515 | 0.84257 | 0.84304 | 0.84435 | 0.84476 | 0.00051 | 0.00031 | 0.00019 | 0.00016
24 0.79057 | 0.78754 | 0.788 0.78965 | 0.79016 | 0.00086 | 0.00053 | 0.00033 | 0.00028
15105 | 13 4 - - - - - - - - -
1.6 0.96825 | 0.96611 | 0.96696 | 0.96752 | 0.96774 | 3.2965¢* | 1.7867e* | 1.0529¢* | §.5404e "
1.9 0.88852 | 0.88163 | 0.88434 | 0.88618 | 0.88691 | 0.00035 | 0.00019 | 0.00011 | 9.557¢*
2.1 0.84515 | 0.83605 | 0.83962 | 0.84205 | 0.84303 | 0.00064 | 0.00035 | 0.00021 | 0.00017
2.4 0.79057 | 0.77908 | 0.78355 | 0.78665 | 0.78789 | 0.00107 | 0.00060 | 0.00036 | 0.00029
1.5 0.5 13 4 - - - - - - - - -
1.6 0.96825 | 0.96712 | 0.96747 | 0.96786 | 0.968 2.6343e* | 1.5786e | 9.7263e" | §.0829e"
1.9 0.88852 | 0.88499 | 0.88608 | 0.88733 | 0.88777 | 0.00029 | 0.00017 | 0.00010 | 9.0696e*
2.1 0.84515 | 0.84057 | 0.84196 | 0.84361 | 0.84419 | 0.00052 | 0.00031 | 0.00019 | 0.00016
24 0.79057 | 0.78493 | 0.78659 | 0.78868 | 0.78942 | 0.00087 | 0.00053 | 0.00033 | 0.00028

Note: When double prior distribution is ((Gamma (a, b) - Erlang

obtained

())) distn., at t=1.3, we
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un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).

N

4-3: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Erlang (A )-Exponential (A, )) distribution.

Parameters R(1) (R (t)) MSE(R (t))
Sample Size(n) Sample Size(n)
30 | 60 [ 80 | 120 30 | e0 [ 90 | 120
t A A (P (8 ‘ x) ) when double prior distribution is ( Erlang ( A)-Exponential ( },)) dist.
1 0.5 1.3 3 0.5 | 0.87706 | 0.87356 | 0.87529 | 0.87552 | 0.87628 | 0.00040 | 0.00022 | 0.00014 | 0.00010
1.6 0.79057 | 0.78554 | 0.78804 | 0.78829 | 0.78947 | 0.00103 | 0.00058 | 0.00037 | 0.00027
1.9 0.72548 | 0.7198 0.72264 | 0.72285 | 0.72426 | 0.00158 | 0.00090 | 0.00058 | 0.00042
2.1 0.69007 | 0.68423 | 0.68716 | 0.68732 | 0.68883 | 0.00189 | 0.00108 | 0.00070 | 0.00051
2.4 0.6455 0.63964 | 0.6426 0.64267 | 0.64429 | 0.00227 | 0.00131 | 0.00085 | 0.00062
1 0.5 1.3 3 1 0.87706 | 0.87452 | 0.87577 | 0.87584 | 0.87652 | 0.00039 | 0.00022 | 0.00014 | 0.00010
1.6 0.79057 | 0.78708 | 0.78881 | 0.78881 | 0.78985 | 0.00099 | 0.00057 | 0.00037 | 0.00027
1.9 0.72548 | 0.72172 | 0.7236 0.7235 0.72474 | 0.00152 | 0.00088 | 0.00058 | 0.00042
2.1 0.69007 | 0.68632 | 0.68822 | 0.68803 | 0.68936 | 0.00182 | 0.00106 | 0.00069 | 0.00051
2.4 0.6455 0.64194 | 0.64377 | 0.64345 | 0.64487 | 0.00219 | 0.00129 | 0.00084 | 0.00061
1 0.5 1.3 4 0.5 ] 0.87706 | 0.87547 | 0.87625 | 0.87616 | 0.87676 | 0.00037 | 0.00021 | 0.00014 | 0.00010
1.6 0.79057 | 0.7886 0.78958 | 0.78933 | 0.79024 | 0.00095 | 0.00056 | 0.00036 | 0.00026
1.9 0.72548 | 0.72361 | 0.72456 | 0.72414 | 0.72522 | 0.00147 | 0.00087 | 0.00057 | 0.00041
2.1 0.69007 | 0.68839 | 0.68927 | 0.68873 | 0.68989 | 0.00176 | 0.00105 | 0.00069 | 0.00050
2.4 0.6455 0.64421 | 0.64492 | 0.64423 | 0.64545 | 0.00212 | 0.00127 | 0.00083 | 0.00061
1 0.5 1.3 4 1 0.87706 | 0.87641 | 0.87672 | 0.87648 | 0.877 0.00036 | 0.00021 | 0.00014 | 0.00010
1.6 0.79057 | 0.7901 0.79034 | 0.78984 | 0.79062 | 0.00092 | 0.00055 | 0.00036 | 0.00026
1.9 0.72548 | 0.72547 | 0.72551 | 0.72478 | 0.7257 0.00143 | 0.00086 | 0.00056 | 0.00041
2.1 0.69007 | 0.69043 | 0.69031 | 0.68944 | 0.69042 | 0.00171 | 0.00103 | 0.00068 | 0.00050
2.4 0.6455 0.64645 | 0.64607 | 0.64501 | 0.64604 | 0.00207 | 0.00125 | 0.00082 | 0.00061

Continue for Table 4-3

4-4: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Chi-square(v) -Gamma (a, b)) distribution.

parameters R(t) (R _)) MSE(R .(t )
Sample Size(n) Sample Size(n)
0 | 60 | % | 120 3 | 60 | % | 120
o 0 t v a b (P60 | X) ) when double prior distribution is (Chi-square(v) -Gamma(a ,b)) diste.
1 15 13| 1 3 2 | 0.67466 | 0.67949 | 0.67688 | 0.67732 | 0.67709 | 0.00182 | 0.00104 | 0.00067 | 0.00057
1.6 0.49411 | 0.50346 | 0.49868 | 0.49869 | 0.49817 [ 0.00314 | 0.00178 | 0.00116 | 0.00098
1.9 0.38183 | 0.39432 | 0.38809 | 0.38762 | 0.38689 [ 0.00355 | 0.00199 | 0.00130 | 0.00110
21 0.3286 | 0.34254 | 0.33567 | 0.33492 | 0.33407 [ 0.00356 | 0.00197 | 0.00129 | 0.00109
2.4 0.26896 | 0.28438 | 0.27685 | 0.27577 | 0.27481 [ 0.00341 | 0.00186 | 0.001224 | 0.00102
1 15 |13 | 1 3 4 |0.67466 | 0.70197 | 0.68909 | 0.68562 | 0.68341 | 0.00209 | 0.00110 | 0.00072 | 0.00059
1.6 0.49411 | 0.53298 | 0.51469 | 0.5096 | 0.50646 | 0.00393 | 0.00198 | 0.00129 | 0.00106
1.9 0.38183 | 0.42562 | 0.40502 | 0.39916 | 0.39565 [ 0.00473 | 0.00230 | 0.00148 | 0.00121
21 0.3286 | 0.37381 | 0.35254 | 0.34642 | 0.34281 [0.00491 | 0.00234 | 0.00150 | 0.00122
2.4 0.26896 | 0.3148 | 0.2932 | 0.28692 | 0.28327 [ 0.00438 | 0.00227 | 0.00144 | 0.00116
1 15 |13 ] 3 3 2 | 0.67466 | 0.6715 | 0.67268 | 0.674483 | 0.67494 | 0.00187 | 0.00106 | 0.00067 | 0.00057
1.6 0.49411 | 0.49304 | 0.49319 | 0.49496 | 0.49535 [0.00311 | 0.00178 | 0.00115 | 0.00097
1.9 0.38183 | 0.38332 | 0.3823 | 0.38369 | 0.38391 [0.00341 | 0.00195 | 0.00127 | 0.00107
21 0.3286 | 0.33159 | 0.3299 | 0.331 0.33111 | 0.00336 | 0.00192 | 0.00126 | 0.00106
2.4 0.26896 | 0.27376 | 0.27127 | 0.27198 | 0.27195 [0.00314 | 0.00178 | 0.00117 | 0.00099
1 15 | 13| 3 3 4 |0.67466 | 0.6944 | 0.68501 | 0.68284 | 0.68129 | 0.00179 | 0.00101 | 0.00067 | 0.00057
1.6 0.49411 | 0.52283 | 0.50927 | 0.50591 | 0.50367 [ 0.00330 | 0.00180 | 0.00119 | 0.00100
1.9 0.38183 | 0.41468 | 0.39924 | 0.39524 | 0.39263 [ 0.00392 | 0.00207 | 0.00136 | 0.00114
2.1 0.3286 | 0.36279 | 0.34674 | 0.34249 | 0.33984 [ 0.00403 | 0.00209 | 0.00137 | 0.00114
2.4 0.26896 | 0.30394 | 0.28755 | 0.28309 | 0.28038 [ 0.00398 | 0.00201 | 0.00131 | 0.00108
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Parameters R(t) (R(t)) MSE(R(t))
Sample Size(n) Sample Size(n)

0] 60 | %9 | 10 0 [ 60 | % | 10

o |0 |t LA (PS(H‘ %) ) when double prior distribution is (Erlang | A)-Exponential (1, )) distz.
L5 05|13 ] 3 |05 - - - - - - - - -
L6 0.96825 [0.96719 | 0.96755 | 0.96793 | 0.96805 |3.1122e¥ | 1.7084¢* | 1.0246e* | 8.4105¢*
19 0.88852 [ 0.88528 | 0.88633 | 0.88755 | 0.88795 |0.00034 |0.00019 | 0.00011 | 9.4407e*

21 0.84515 {0841 08423 | 0.34391 | 0.34444 [0.00061 |0.00034 |0.00020 | 0.00017

24 0.79037 {0.78554 | 0.78706 | 0.78908 | 0.78974 {0.00103 | 0.00058 | 0.00035 | 0.00029

L5105 (13] 3 |1 - - - - - - - - -
L6 0.96825 [0.96746 | 0.96763 | 0.96301 | 0.96812 |2.9642e* | 1.6641e* | 1.0087e% | 8.3208e"
19 0.88852 [0.88617 | 0.88677 | 0.88784 | 0.83817 |0.00032 |0.00018 | 0.00011 | 9.3468e*

21 0.84515 [0.84219 | 0.8429 | 0.34431 | 0.34474 [0.00059 |0.00033 | 0.00020 | 0.00017

24 0.79057 [0.78708 | 0.78784 | 0.78959 | 0.79013 | 0.00099 | 0.00056 | 0.00035 | 0.00029

LS 05|13 ] 4 |05 - - - - - - - - -
L6 0.96325 [0.96772 | 0.96781 | 0.9681 | 0.96818 |2.834%* | 1.6230¢* | 9.044905 | 8.2403¢ "
19 0.88852 [0.88704 | 0.88721 | 0.88813 | 0.83839 |0.00031 |0.00018 | 0.00011 | 9.2632¢*

21 0.34515 [0.84336 | 0.8435 | 0.8447 | 0.34503 |0.00056 |0.00032 | 0.00020 | 0.00016

14 0.79057 [0.7886 | 0.78861 | 0.79011 | 0.79051 | 0.00095 | 0.00055 | 0.00034 | 0.00028

L5105 (13 ] 4 | 1 - - - - - - - - -
L6 0.96825 [0.96798 | 0.96794 | 0.96819 | 0.96825 |2.723de* | 1.588¢% | 9.8192e%| 8.1691e"
L9 0.88852 [0.88789 | 0.88765 | 0.88842 | 0.88861 |0.00030 |0.00017 | 0.00011 | 9.1§98e*

21 0.84515 [0.84451 | 0.84409 | 0.84509 | 0.34532 [0.00054 |0.00032 |0.00020 | 0.00016

24 0.79057 {0.7901 | 0.78938 | 0.79061 | 0.79089 | 0.00092 | 0.00054 | 0.00034 | 0.00028

Note: When double prior distribution is (Erlang (A )-Exponential (Xl )) dist"., at t=1.3, we
obtained

un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).

Continue for Table 4-4
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parameters R(t) (2 (t.]) MSH R.[t]]
Sample Size(n) Sample Size(n)
K] 60 %0 120 0 60 % 120
o[ 8ty (PI(B‘ %) ) when double prior distribution is (Chi-square(v) -Gamma(a b)) distt.
15131 - - - - - - - - -
16 090773 10.90859 | 0.90833 | 0.90833 | 0.90812 |0.00020 | 0.00011 | 7.3032e* | 6.0992e*
19 0.70147 | 0.70571 | 0.70413 | 0.70382 |0.70308 | 0.00160 | 0.00090 | 0.00062 | 0.00043
1l 0.60368 | 0.61017 | 0.60764 | 0.60705 | 0.60602 | 0.00239 | 0.00135 | 0.00093 | 0.00073
24 040411 [0.50346 | 0.49969 | 0.49868 | 049734 |0.00314 | 0.00176 | 0.00123 | 0.00095
L1513 1 - - - - - - - - -
1.6 090773 091606 | 0.91236 | 0.91108 | 091022 |0.00021 | 0.00011 |8.0004e* | 6.1648e*
19 0.70147 [0.72678 | 0.71551 | 0.71161 | 0.70902 |0.00182 | 0.0009% |0.00066 | 0.00030
21 060368 |0.633% | 0.62159 | 0.61658 |0.6133 |0.00284 | 0.00148 |0.00100 | 0.00076
24 049411 (053298 | 0.51564 | 0.50959 |0.50566 |0.00393 | 0.00199 |0.00135 |0.00102
L1513 3 - - - - - - - - -
1.6 090773 [0.90592 | 0.90093 | 0.90738 | 0.90741 |0.00021 | 0.00011 |79336e* | 6.843*
19 0.70147 [0.69822 10.7002 | 0.70116 | 0.70106 |0.00165 | 0.00091 |0.00062 | 0.00043
21 0.60368 |0.60102 | 0.60284 | 0.60379 | 0.60356 |0.00243 | 0.00135 |0.00093 |0.00073
24 040411 [ 049304 | 0.49421 | 0.49495 | 049452 |0.00311 | 0.00174 | 0.00122 | 0.00095
L3115 13]3 - - - - - - - - -
1.6 090773 (09136 | 091102 | 0.91016 | 090952 |0.00018 | 0.00010 |7.6035* | 5.948]¢*
19 0.70147 [0.71971 | 0.71171 | 0.709 | 0.70703 |0.00156 | 0.00088 |0.00062 | 0.00043
21 0.60368 |0.62721 | 0.61689 | 0.61337 | 0.61086 |0.00241 | 0.00135 |0.00094 | 0.00073
24 049411 (052283 | 051023 | 0.5059 |0.50286 |0.00330 | 0.00181 |0.00126 |0.000%6
Note: When double prior distribution is (Chi- square (v) -Gamma (a, b)) dist"., at t=1.3, we

obtained

N

un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).
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N

4-5: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Gamma (a, b) - Erlang (1)) distribution.

parameters R(1) (R _)) MSE(R _{t )
Sample Size(n) Sample Size(n)
30 60 | 90 | 120 3 | 6 | 90 | 120
o o t a b i (P8 | x) ) when double prior distribution is (Gamma(a ,b) - Erlang (1)) diste.
1 15 | 13| 3 2 4 | 0.67466 |0.70597 | 0.69168 | 0.68746 | 0.68434 | 0.00215 | 0.00111 | 0.00073 | 0.00060
1.6 0.49411 |0.53819 | 0.51806 | 0.51201 | 0.50835 | 0.00407 | 0.00202 | 0.00132 | 0.00107
19 0.38183 | 0.43108 | 0.40857 | 0.4017 | 0.39764 | 0.00492 | 0.00236 | 0.00152 | 0.00123
21 0.3286 | 0.37924 | 0.35606 | 0.34895 | 0.34479 | 0.00511 | 0.00241 | 0.00154 | 0.00124
2.4 0.26896 |0.32003 | 0.2966 | 0.28936 | 0.28518 | 0.00510 | 0.00234 | 0.00149 | 0.00119
1 15 13 ] 3 2 6 | 0.67466 |0.7242 | 0.70256 | 0.69514 | 0.69079 | 0.00336 | 0.00149 | 0.00093 | 0.00072
1.6 0.49411 |0.56289 | 0.53259 | 0.52221 | 0.51623 | 0.00645 | 0.00277 | 0.00171 | 0.00131
19 0.38183 | 0.43793 | 0.42415 | 0.41261 | 0.40604 | 0.00788 | 0.00329 | 0.00200 | 0.00152
21 0.3286 | 0.40644 | 0.37172 | 0.35988 | 0.35319 | 0.00824 | 0.00338 | 0.00205 | 0.00154
24 0.26896 | 0.34699 | 0.31194 | 0.30003 | 0.29337 | 0.00827 | 0.00332 | 0.00199 | 0.00149
1 15 | 13| 4 3 4 | 0.67466 |0.70839 | 0.69331 | 0.68864 | 0.68578 | 0.00220 | 0.00112 | 0.00074 | 0.00061
1.6 0.49411 |0.54134 | 0.5202 | 0.51356 | 0.50957 | 0.00419 | 0.00206 | 0.00134 | 0.00109
19 0.38183 | 0.43441 | 0.41082 | 0.40334 | 0.39893 | 0.00507 | 0.00242 | 0.00156 | 0.00125
2.1 0.3286 | 0.38254 | 03583 | 0.35038 | 0.34607 | 0.00527 | 0.00247 | 0.00138 | 0.00126
24 0.26896 | 0.32323 | 0.29877 | 0.29094 | 0.28642 | 0.00526 | 0.00241 | 0.00153 | 0.00121
1 15 | 13| 4 3 6 | 0.67466 |0.72583 | 0.70392 | 0.69619 | 0.69164 | 0.00345 | 0.00153 | 0.00096 | 0.00074
1.6 0.49411 | 0.56305 | 0.53439 | 0.5236 | 0.51735 | 0.00663 | 0.00285 | 0.00176 | 0.00134
19 0.38183 | 0.46025 | 0.42606 | 0.41408 | 0.40723 | 0.00809 | 0.00339 | 0.00207 | 0.00156
2.1 0.3286 | 0.40876 | 0.37363 | 0.36135 | 0.35438 | 0.00845 | 0.00349 | 0.00211 | 0.00158
24 0.26896 | 0.34926 | 0.31381 | 0.30147 | 0.29452 | 0.00849 | 0.00343 | 0.00205 | 0.00153
Continue for Table 4-5
parameters R(t) (Rt _)) MSE(R _(t )
Sample Size(n) Sample Size(n)
30 | 60 | 90 | 120 30 | 6 | 90 | 120
] 8 t a b ) (Py(0 ‘ %) ) when double prior distribution is (Gamma(a ,b) - Erlang ( 1)) distz.
15115 |13 3 2 - - - - - - - - -
1.6 0.90773 [ 091741 | 0.91321 | 0.91169 | 0.9107 0.00021 | 0.00011 | 8.0492e* | 6.1783e*
1.9 0.70147 |[0.73054 | 0.71792 | 0.71334 | 0.71038 | 0.00186 | 0.00097 | 0.00066 | 0.00050
21 0.60368 [ 0.64054 | 0.62451 | 0.61869 | 0.61496 | 0.00292 | 0.00150 | 0.00102 | 0.00077
2.4 0.49411 [ 0.53819 | 0.51898 | 0.512 0.50756 | 0.00407 | 0.00204 | 0.00138 | 0.00103
15115 |13 3 2 6 - - - - - - - - -
1.6 0.90773 [ 0.92327 | 0.91675 | 0.91421 | 0.91266 | 0.00033 | 0.00015 | 9.9699e* | 7.2766e*
1.9 0.70147 [0.74755 | 0.72805 | 0.72052 | 0.71596 | 0.00291 | 0.00131 | 0.00084 | 0.00060
21 0.60368 [ 0.66169 | 0.63703 | 0.62755 | 0.62183 | 0.00460 | 0.00205 | 0.00129 | 0.00093
2.4 0.49411 [ 0.56289 | 0.53346 | 0.52221 | 0.51546 | 0.00645 | 0.00281 | 0.00176 | 0.00125
15115 | 13 4 3 4 - - - - - - - - -
1.6 0.90773 [ 0.91821 | 0.91375 | 0.91209 | 0.91101 | 0.00022 | 0.00011 | 8.1284e* | 6.2159¢F
1.9 0.70147 [ 0.7328 0.71943 [ 0.71445 | 0.71126 | 0.00191 | 0.00099 | 0.00067 | 0.00051
21 0.60368 | 0.6433 0.62636 | 0.62005 | 0.61604 | 0.00300 | 0.00153 | 0.00103 | 0.00078
2.4 0.49411 [ 0.54134 | 0.52109 | 0.51355 | 0.50879 | 0.00419 | 0.00208 | 0.00140 | 0.00104
15115 |13 4 3 6 - - - - - - - - -
1.6 0.90773 [ 0.92381 | 0.91719 | 0.91455 | 0.91294 | 0.00034 | 0.00015 | 0.00010 | 7.4244e*
1.9 0.70147 [0.74908 | 0.72931 | 0.7215 0.71677 | 0.00299 | 0.00135 | 0.00086 | 0.00062
2.1 0.60368 [ 0.66357 | 0.63857 | 0.62876 | 0.62282 | 0.00473 | 0.00211 | 0.00133 | 0.00095
2.4 0.49411 [ 0.56505 | 0.53524 | 0.52359 | 0.51659 | 0.00663 | 0.00290 | 0.00181 | 0.00128

Note: When double prior distribution is ((Gamma (a, b) - Erlang (1 ))dist"., at t=1.3, we

obtained
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un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).

4-6: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Erlang (A )-Exponential (A, )) distribution.

Parameters R(t) (R(t)) MSE(R(t))
Sample Size(n) Sample Size(n)

] 60 | % | 10| 0 [ 6 | % | 10

o [0 |t ] L[] (Ps(ﬂ‘ %) ) when double prior distribution is ( Erlang ( 1)-Exponential (1, )) dists.
1 |15 13 3 | 05067466 |0.69506 | 0.68518 | 0.68293 | 0.68135 (0.00194 | 0.00106 | 0.00069 | 0.00058
L6 0.49411 [ 052387 | 0.50956 | 0.50606 |0.30376 |0.00357 | 0.00188 | 0.00123 | 0.00102

19 0.38183 [0.41594 | 039959 |0.39542 | 0.39279 [0.00424 |0.00217 |0.00141 | 0.00116

21 03286 [0.36413 | 034712 | 0.34269 | 0.33996 |[0.00437 |0.00219 |0.00142 | 0.00117

24 0.26896 [0.30536 |0.28794 | 0.2833 |0.28051 |0.00432 |0.00211 |0.00135 | 0.00111

1 | L5 13 3 | 1 (067466 |0.70052 | 0.68819 | 0.63499 | 0.68292 (0.00209 |0.00110 | 0.00072 |{0.00059
16 0.49411 [0.53111 | 051352 |0.50877 | 0.50382 {0.00391 |0.00197 |0.00128 | 0.00105

19 0.38183 [0.42366 | 0.40379 |0.39829 | 0.39498 |0.00469 |0.00229 |0.00147 | 0.00120

11 03286 (037187 | 035131 | 0.34556 | 034214 |0.00486 |0.0023 |0.00149 | 0.00121

24 0.26896 [0.31294 |0.29202 |0.28608 |0.28262 |[0.00483 |0.00225 |0.00143 | 0.00115

1 | L5 13 4 | 05067466 |0.70579 | 0.69114 | 0.68702 | 0.68447 {0.00229 | 0.00115 | 0.00075 | 0.00061
L6 0.49411 (053813 | 051742 | 0.51145 |0.50787 |0.00433 | 0.00209 | 0.00134 | 0.00109

19 0.38183 [0.4312 | 040794 | 040114 | 0.39715 [0.00524 |0.00244 | 0.00156 | 0.00125

11 03286 (037946 | 035547 | 03484 | 03443 | 0.00545 | 0.00249 | 0.0015§ | 0.00126

24 0.26896 [ 032033 | 0.29607 | 0.28885 |0.28473 |0.00544 |0.00242 |0.00152 | 0.00121

1 [ 15 13| 4 | 1 |0.67466 |0.71087 | 0.69404 | 0.68902 |0.686 [ 0.00254 | 0.00122 | 0.00079 | 0.00063
16 0.49411 [0.54496 | 0.52126 |0.51411 | 0.5099 [0.00485 |0.00224 | 0.00142 | 0.00114

19 0.38183 [0.43856 | 0.41204 | 040397 | 0.3993 [0.00589 |0.00263 | 0.00165 | 0.00131

11 03286 [0.38689 | 0.33958 | 0.35123 | 0.34046 |0.00615 | 0.00269 | 0.00168 | 0.00132

24 0.26896 [0.32771 | 0.30008 |0.2016 |0.28682 |0.00615 |0.00263 |0.00162 | 0.00127

Continue for Table 4-6
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Priors Functions

Parameters R(1) (R(t) MSE(R (t))
Sample Size(n) Sample Size(n)

] 60 [ %0 | 12 0 | 60 9 | 120

/I I O I R A (P;(ﬂ‘ x) ) when double prior distribution is ( Erlang ( 1)-Exponential ( 1, )) diste.
L3 1513 ] 3 |05 - - - - - - - - -
L6 0.90773 (091377 | 0.91107 | 0.91019 | 0.90953 |0.00020 | 0.00011 | 7.8405* | 6.0897e*

19 0.70147 {0.72031 | 0.71188 |0.70909 | 0.70708 |0.00169 | 0.00092 | 0.00064 | 0.00049

21 0.60368 | 0.62802 | 0.61713 | 0.61349 | 0.61092 |0.00261 | 0.00141 | 0.00097 | 0.00074

24 0.49411 |0.52387 | 0.51054 | 0.50605 | 0.50294 |0.00357 | 0.00189 | 0.00130 | 0.00099

L3 L5133 |1 - - - - - - - - -
L6 0.90773 (091557 | 0.91206 | 0.91087 | 0.91005 |0.00021 | 0.00011 | 8.0047e* | 6.1727e*

19 0.70147 [0.72542 | 0.71468 | 0.71102 | 0.70855 |0.00181 | 0.00096 | 0.00065 | 0.00050

21 0.60368 [0.6343 | 0.62057 | 0.61586 | 0.61273 |0.00283 | 0.00147 | 0.00100 | 0.00076

24 0.49411 | 0.33111 | 0.51448 |0.50876 | 0.50501 |0.00391 | 0.00198 | 0.00134 | 0.00101

LS| 15| 13| 4 |05 - - - - - - - - -
L6 0.90773 109173 | 0.91303 |0.91154 | 0.91057 [0.00023 | 0.00012 | 8.2614e* | 6.3101¢*

1.9 0.70147 ] 0.73035 | 0.71743 |0.71292 | 0.71001 {0.00199 | 0.00101 | 0.00068 | 0.00051

21 0.60368 | 0.64038 | 0.62395 |0.61819 | 0.61452 | 0.00312 | 0.00156 | 0.00104 | 0.00078

24 0.49411 | 0.53813 | 0.51837 |0.51144 | 0.50706 | 0.00433 | 0.00211 | 0.00141 | 0.00105

15[ 15 13| 4 1 - - - - - - - - -
L6 0.90773 | 091895 | 0.91397 |0.9122 | 091108 |0.00025 | 0.00012 | 8.6065¢* | 6.3e*

1.9 0.70147 1 0.7351 [ 0.72013 | 0.71479 | 0.71146 | 0.00220 | 0.00107 | 0.00071 | 0.00053

21 0.60368 | 0.64626 | 0.62727 |0.6205 | 0.61629 | 0.00347 | 0.00166 | 0.00110 | 0.00081

24 0.49411 | 0.54496 | 05222 | 0.51409 | 0.5091 | 0.00485 | 0.00227 | 0.00148 | 0.00109

Note: When double prior distribution is (Erlang (A )-Exponential (Xl))dist”., at t=1.3, we

obtained

N

un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).
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N

4-7: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Chi-square(v) -Gamma (a, b)) distribution.

parameters R(t) (R(t .}) MSHR ,{t )

Sample Size(n) Sample Size(n)
000 60 [ % |10 [ 30 [ 60 | % | 10
o [ B |t v|al|b [Pl(ﬁ‘ x) ) when double prior distribution is (Chi-square(v) -Gamma(a b)) dist*.
25| L3 ) 1| 3 | 2 05897 [0.55191 | 033723 | 053218 | 052879 |0.00347 | 0.00182 | 0.00125 | 0.00095
1.6 030882 | 034934 | 0.3311§ |0.32488 | 0.3208 [0.00457 |0.00225 | 0.00152 | 0.00113
19 020096 | 024122 | 022305 | 021675 | 021275 [0.00413 | 0.00192 | 0.00128 | 0.00094
1l 0.15648 | 0.19306 | 0.07755 [0.0715 | 0.16769 {0.00364 | 0.00164 | 0.00109 | 0.00078
24 0.11207 | 0.14744 | 0.13126 | 0.12569 | 0.12224 {0.00292 | 0.00126 | 0.00082 | 0.00059
25|13 1| 3 | 4 051897 [0.59387 | 036138 | 0.54908 | 0.54183 |0.00725 | 0.00301 | 0.00184 | 0.00129
16 0.30882 | 0.39677 | 0.35778 | 0.34334 | 0.33495 |0.01000 |0.00393 | 0.00234 | 0.00161
19 0.2009 | 0.28582 | 0.24746 | 023333 | 0.22355 [0.00933 | 0.00349 | 0.00204 | 0.00138
1l 0.15648 | 0.23667 | 0.19998 | 0.13683 | 0.17934 [0.00836 | 0.00304 | 0.00176 | 0.00117
24 0.11207 | 0.18447 | 0.1508 | 0.13893 | 0.13225 [0.00684 | 0.00239 | 0.00136 | 0.00089
P25 |13 ) 3 | 3 ) 1 (051897 [0.54198 | 033194 | 052857 | 0.52605 | 0.00297 | 0.00167 | 0.00117 | 0.00091
1.6 030882 | 033835 | 032542 | 032008 | 031785 {0.00379 |0.00202 | 0.00141 | 0.00107
19 0.2009 | 023105 | 021781 | 021322 | 021001 {0.00335 | 0.00170 | 0.00117 | 0.00088
11 0.15648 | 0.18566 | 0.17276 | 0.16828 | 0.16328 |0.00292 | 0.00143 | 0.000%9 | 0.00073
24 0.11207 | 013918 | 0.12711 [0.12293 | 0.12018 {0.00232 | 0.00109 | 0.00074 | 0.00054
P25 |13 ) 3 | 3 4 (051897 [0.58447 | 035623 | 054554 | 033913 |0.00597 | 0.00261 | 0.00165 | 0.00118
16 0.30882 | 0.38573 | 0.35198 | 0.33041 | 0.33198 |0.00819 |0.00339 | 0.00209 | 0.00146
19 0.2009 | 027513 | 0.24204 |0.22991 | 0.22284 [0.00760 | 0.00300 | 0.00181 | 0.00124
A 0.15648 | 0.22653 | 0.19495 [0.1835 | 0.17686 {0.00678 | 0.00260 | 0.00155 | 0.00105
24 0.11207 | 017515 | 0.14635 |0.13602 | 0.1301 [0.00552 | 0.00204 | 0.00120 | 0.00080

Continue for Table 4-7
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(R(t)

A

parameters R(t) : MSHCR .{t )

Sample Size(n) Sample Size(n)
0060 [ % oo [ ] o6 | w0 | 10
a [ Bt (Pl[ﬂ‘ x) ) when double prior distribution is (Chi-square(v) -Gamma(a b)) dist2.
15125131 - - - - - - - - -
16 0851 [0.86244 | 0.835697 | 0.85543 | 0.85446 [0.00050 | 0.00027 | 0.00019 | 0.00014
19 0.55379 | 0.53487 | 0.57012 | 0.56579 | 0.36313 [0.00316 | 0.00166 | 0.00112 | 0.00082
21 04312 |04682 | 045068 | 0.44544 | 0.44225 |0.00415 | 0.00211 | 0.00141 | 0.00103
24 030882 |0.34934 | 0.33017 | 0.32433 | 0.32082 | 0.00457 | 0.00223 | 0.00147 | 0.00106
15125131 - - - - - - - - -
16 0851 | 0.87861 | 0.86652 | 0.86215 | 0.83965 |0.00098 | 0.00042 | 0.00026 | 0.00018
19 035379 ] 0.62495 | 0.39334 | 0.58203 | 0.57563 |0.00654 | 0.00269 | 0.00164 | 0.00113
21 04312 | 031379 | 047678 | 0.46363 | 0.45623 |0.00881 | 0.00353 | 0.00212 | 0.00145
24 0.30882 | 0.39677 | 0.35634 | 0.34281 | 0.33497 |0.01000 | 0.00386 | 0.00227 | 0.00154
5115133 - - - - - - - - -
1.6 0851 | 0.83853 | 0.95485 | 0.85399 | 0.85337 |0.00044 | 0.00026 | 0.00018 | 0.00013
19 035379 | 037536 | 0.56503 | 0.56233 | 0.5605 0.00272 | 0.00154 | 0.00105 | 0.00078
11 04312 | 043748 | 0445 | 0.44158 | 0.43933 |0.00351 | 0.00193 | 0.00132 | 0.00097
24 0.30882 |0.33835 | 0.32441 | 0.32043 | 0.31787 |0.00379 | 0.00201 | 0.00136 | 0.00100
15]25]13) 3 - - - - - - - - -
16 0851 | 0.87512 | 0.86454 | 0.86076 | 0.85859 |0.00081 | 0.00037 | 0.00023 | 0.00017
19 0.35379 | 0.61601 | 0.38843 | 0.57865 | 0.57305 |0.00540 | 0.00234 | 0.00146 | 0.00103
21 04312 | 050343 | 047119 | 0.43981 | 0.45332 0.00725 | 0.00306 | 0.00189 | 0.00132
24 0.30882 |0.38573 | 0.35104 | 0.33888 | 0.332 | 0.00819 | 0.00333 | 0.00202 | 0.00140

Note: When double prior distribution is (Chi- square (v) -Gamma (a, b)) dist".,
obtained

N

at t=1.3, we

un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).
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4-8: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Gamma (a, b) - Erlang (1)) distribution.

parameters R(t) (A( .)) R .[t )

Sample Size(n) Sample Size(n)
06 [0 [ m | w6 | % | 1
e |6 | tlalbh]| (P,(8]x) ) when double prior distribution is (Gamma(a b) - Erlang | 1)) distt.
1 {2513 ] 3| 2 | 4 (031897 [0.60716 | 037042 | 033579 | 0.54717 |0.00909 | 0.00371 |0.00221 | 0.00151
1.6 030882 [041222 | 036792 | 035075 03408 | 0.01258 | 0.00487 | 0.00283 | 0.00190
19 0.2009 |0.30065 | 025689 | 0.24034 | 0.23088 | 0.01177 | 0.00436 | 0.00248 |0.00164
11 015648 [0.25066 | 020872 | 019309 | 0.8422 | 0.00055 | 0.00380 | 0.00214 | 0.00140
24 011207 [0.1971 | 015848 | 014438 | 0.13646 | 0.00865 | 0.00300 | 0.00166 | 0.00107
1 {2513 3| 2 | 6 (051897 [0.63862 | 059093 | 0.57088 | 0.55912 [0.01527 | 0.00606 |0.00344 | 0.00225
16 030882 (045042 | 039138 | 036779 | 035411 |0.02154 | 0.00806 | 0.00446 |0.00287
19 020096 [0.33866 | 027943 | 025627 | 0.4319 |0.0205 |0.00728 | 0.0034 |0.00249
11 015648 |0.18727 | 0.22987 | 0.20787 | 019356 | 0.01857 | 0.00639 | 0.00341 | 0.00214
24 011207 (023103 | 017741 | 01574 | 0.14637 | 0.01545 | 0.00509 | 0.00267 |0.00165
1 {2513 ] 4| 3 | 4 051897 [0.614% | 057602 | 0.36004 | 0.55059 |0.01036 | 0.00423 |0.00249 | 0.00168
1.6 030882 [042142 | 037427 | 035549 | 034437 | 0.00437 | 0.00558 | 0.00321 |0.00212
19 02009 [0.309% | 026286 | 0.24473 | 0.23434 | 0.00347 | 0.00300 | 0.00281 |0.00183
11 015648 (025017 | 021427 | 019713 | 018739 | 0.01209 | 0.00436 | 0.00243 | 0.00157
24 011207 [0.20485 | 016339 | 014791 | 0.13922 | 0.00993 | 0.00345 | 0.00189 | 0.00120
T {2513 ] 4| 3 | 6 (031897 [0.64443 | 059573 05747 | 0.56228 |0.01638 | 0.00671 |0.00381 | 0.00249
1.6 030882 (045758 | 039719 | 037214 | 033766 | 0.02347 | 0.00894 | 0.00495 |0.00318
19 02009 [0.34584 | 028481 | 026037 | 0.24648 | 0.02239 | 0.00810 | 0.00438 | 0.00276
11 015648 [0.29422 | 023495 | 0.21169 | 019861 | 0.02031 | 0.00712 | 0.00380 | 0.00237
24 011207 (023751 | 018198 | 016079 | 0.14905 |0.016%4 | 0.00568 | 0.00297 |0.00183

Continue for Table 4-8
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parameters R(1) (R .)) MBE(R .{t )
Sample Size(n) Sample Size(n)
0 ] 60 | % | 10| 0 [ 6 | %0 | 120
e |6 |t | a (PJ(B‘ x) ) when double prior distribution is (Gamma(a b) - Erlang (1)) diste.
152513 3 - - - - - - - - -
1§ 0851  [0.88339 |0.87004 |0.86478 | 0.86175 {0.00123 |0.00052 |0.00031 | 0.00021
19 0.55379 [0.6376 | 0.60204 |0.58847 | 058074 |0.00821 |0.00331 |0.00197 | 0.00133
21 04312 (052839 |0.48663 | 0.47088 | 0.46197 {0.01107 | 0.00436 |0.00256 | 0.00172
24 0.30882 [0.41222 |0.36702 |0.35024 | 034082 [0.01258 | 0.00479 |0.00276 | 0.00184
L5 (25|13 3 - - - - - - - - -
16 0851 [0.89486 |0.87778 |0.87058 | 0.86638 |0.00204 |0.00084 | 0.00043 | 0.00032
19 0.55379 [0.66736 | 0.62165 | 0.60291 | 039217 {0.01374 | 0.00541 |0.00308 | 0.00202
11 04312 [0.56343 |0.50918 | 0.48732 | 04749 [0.01871 |0.00717 |0.00402 | 0.00262
24 0.30882 [0.45042 |0.39075 |0.3673 | 035414 |0.02154 | 0.00794 | 0.00437 | 0.00281
152513 4 - - - - - - - - -
1.6 0851 [0.88646 |0.8722 |0.86643 | 0.86309 {0.00140 | 0.00059 |0.00035 | 0.00024
19 0.55379 [0.645 | 0.60742 |0.59255 | 058402 {0.00935 |0.00378 |0.00222 | 0.00149
A 04312 [0.53699 | 0.49277 | 04755 | 046565 |0.01262 | 0.00498 | 0.00289 | 0.00193
24 0.30882 [0.42142 |0.3734 | 0.35499 | 034459 [0.01437 | 0.00549 |0.00313 | 0.00207
L5 [25 |13 ) 4 - - - - - - - - -
16 0851 [0.89692 |0.87958 |0.87203 | 0.8676 | 0.00221 |0.00092 |0.00054 | 0.00035
19 0.55379 [0.67286 |0.62624 | 0.60657 | 039519 {0.01493 | 0.00599 |0.00341 | 0.00223
21 04312 [0.57 0.51449 | 0.4915 | 047832 [0.02034 | 0.00795 |0.00446 | 0.00290
24 0.30882 [ 045758 |0.39637 | 0.37167 | 035768 |0.02347 |0.00382 |0.00436 | 0.00312

Note: When double prior distribution is ((Gamma (a, b) - Erlang (X ))dist"., at t=1.3, we
obtained

N

un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).
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4-9: MSE of estimated Pareto type | reliability function using Bayes with respect to MSE(R (t))
when double prior distribution is (Erlang (A )-Exponential (A, )) distribution.

Parameters R(t) (R()) MSE(R(t))
Sample Size(n) Sample Size(n)

00 60 | % [ 10 [ 3 | 6 | 90 [ 1

o |6 |t | L] (P;(B‘ x) ) when double prior distribution is ( Erlang ( 1)-Exponential ( 4, ) diste.
I |25 13| 3 | 05051897 | 057879 | 0.55224 |0.54257 | 0.33676 |0.00552 | 0.00244 | 0.00155 | 0.00112
1.6 0.30882 | 0.37947 | 0.34763 | 0.33619 | 0.32942 [ 0.00757 | 0.00314 | 0.00196 | 0.00138

19 0.20096 |0.26936 | 0.23808 |0.227 | 022053 |0.00702 |0.00277 |0.00169 | 0.00117

11 0.15648 | 0.22122 | 0.19133 | 0.18085 | 0.17477 {0.00627 | 0.00240 | 0.00145 | 0.00099

14 0.11207 | 0.17061 | 0.14323 | 0.13375 | 0.12831 [0.00511 | 0.00188 | 0.00112 | 0.00075

I | 25013 3 | 1 [051897 |0.58894 | 0.55818 |0.54675 | 0.33999 |0.00666 | 0.00280 | 0.00173 | 0.00122
1.6 0.30882 | 0.39113 | 0.35423 | 0.34078 | 0.33295 | 0.00919 | 0.00364 |0.00220 | 0.00152

19 0.200% | 0.28046 | 0.24418 | 0312 | 022373 [0.00857 |0.00323 |0.00192 | 0.00130

11 0.15648 | 0.23164 | 0.19696 | 0.18469 | 0.17769 {0.00766 | 0.00281 | 0.00165 | 0.00110

24 0.11207 | 0.17997 | 0.14815 | 0.13708 | 0.13082 |0.00627 | 0.00221 | 0.00127 | 0.00084

I |25 13| 4 |05 [051897 | 059863 | 0.56397 | 0.55086 | 0.54318 |0.00796 | 0.00323 | 0.00194 | 0.00135
1.6 0.30882 | 0.40241 | 0.36072 | 0.34532 | 0.33644 [0.01102 | 0.00422 | 0.00249 | 0.00169

1.9 0.00% | 0.29132 | 0.25022 |0.23536 | 0.22691 {0.01031 | 0.00377 | 0.00217 | 0.00145

11 0.15648 | 0.24191 | 0.20255 |0.18852 | 0.1806 | 0.00925 |0.00328 | 0.00187 | 0.00123

24 0.11207 | 0.18926 | 0.15307 | 0.14041 | 0.13334 [0.00759 | 0.00258 | 0.00145 | 0.00094

1 |25 (13| 4 | 1 [051897 |0.60788 | 0.56961 |0.5549 | 054633 |0.00938 | 0.00371 |0.00219 | 0.00149
1.6 0.30882 | 0.41333 | 0.3671 | 03498 | 03399 |0.01304 |0.00487 |0.00281 | 0.00187

19 0.2009% | 0.30195 | 0.2562 | 0.23951 | 0.23008 |0.01225 | 0.00436 | 0.00246 | 0.00161

11 0.15648 |0.25202 | 0.20811 |0.19233 | 0.1835 [0.01101 | 0.00381 | 0.00212 | 0.00138

24 0.11207 | 0.19848 | 0.15799 | 0.14374 | 013386 |0.00906 | 0.00301 | 0.00165 | 0.00105

Continue for Table 4-9
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Parameters R(t) (R(t) MSE(R(t))
Sample Size(n) Sample Size(n)

0] 60 [ % | 10 0] 60 [ % | 10

o |6 |t | k]| (P;(ﬁ‘ %) ) when double prior distribution is ( Erlang ( 1.)-Exponential (1, )) dist*.
L5 12513 3 |05 - - - - - - - - -
L6 0851 | 0.87289 | 0.86293 | 0.85957 | 0.85764 |0.00075 | 0.00035 |0.00022 | 0.00016

19 0.55379 | 0.61057 | 0.38456 | 0.37578 | 0.57078 |0.00499 | 0.00219 | 0.00138 | 0.00098

21 04312 1 0.49731 | 0.46687 | 0.45661 | 0.45079 |0.00670 | 0.00285 | 0.00178 | 0.00125

24 0.30882 | 0.37947 | 0.34666 | 0.33565 | 0.32945 |0.00757 | 0.00309 | 0.00189 | 0.00132
5125|133 |1 - - - - - - - - -
L6 0851 1087674 | 0.86526 | 0.86122 | 0.85892 |0.00091 | 0.00039 |0.00025 | 0.00017

19 0.55379 | 0.62015 | 0.39027 | 0.3798 | 0.57387 |0.00602 | 0.00251 | 0.00154 | 0.00107

21 04312 | 0.50841 | 047331 | 0.46112 | 0.45426 |0.00810 |0.00328 |0.00199 | 0.00137

24 0.30882 [0.39113 | 035327 | 0.34025 | 0.33297 |0.00919 | 0.00358 |0.00213 | 0.00146
L5125 )13 4 |05 - - - - - - - - -
L6 0.851 1 0.88036 | 0.86751 | 0.86284 | 0.86018 | 0.00108 | 0.00045 | 0.00027 | 0.00019

19 0.55379 | 0.62947 | 0.39582 | 0.38374 | 0.57693 |0.00718 | 0.00288 | 0.00173 | 0.00119

21 04312 | 0.31905 | 0.47% | 0.46355 | 0.45769 |0.00969 | 0.00379 |0.00224 | 0.00133

24 0.30882 | 0.40241 | 0.35978 | 0.34479 | 0.33646 | 0.01102 | 0.00415 | 0.00241 | 0.00162
L5125 )13 4 | 1 - - - - - - - - -
L6 0.851 | 0.88377 | 0.86969 | 0.86441 | 0.86141 |0.00126 | 0.00051 |0.00031 | 0.00021

19 0.55379 | 0.63825 | 0.60123 | 0.38761 | 0.57994 0.00846 | 0.00331 |0.00195 | 0.00132

11 04312 | 0.52927 | 0.48576 | 0.46992 | 0.46108 |0.01143 | 0.00436 | 0.00253 | 0.00170

24 0.30882 |0.41333 | 0.36617 | 0.34928 | 0.33993 |0.01304 | 0.00479 |0.00273 | 0.00181

Note: When double prior distribution is (Erlang (A )-Exponential (7“1 )) dist"., at t=1.3, we
obtained

un suitable value for R(t) & R (t), which is more than one. So, we put dash (-).

5. Discussion

In general, as we see in the tables (4-1to 4-9) by using different estimation
methods, we find the Mean Square Errors (MSE) is decreased when sample size

increased in all cases. That means the estimation of (R®) get better for the large
sample sizes. We obtained a good estimation according to the smallest values of
MSE for all samples sizes (n) comparative to the other estimated values for MSE.

As we see in table (4-1), when the true value for (@=1,8=0.5) and the double
prior distribution for 0 is Chi-square(V)-Gamma(a, b) distribution with ( v=1,

a=3,b=4) for all t=1.3,1.6,1.9,2.1,2.4 . And the same thing for (2=1-58=0.5)3nq
for all t except t=1.3.
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And in_table (4-2), when the true value for (@=1,6=0.5) and the double prior
distribution for 8 is Gamma(a, P)-Erlang (M) distribution with (a=3, b=2,A = 6)
for all t. The same thing for (a=1.508=0.5)4nd for all t except t=1.3.

In_table (4-3), when the true value for (@=1:8=0.5) ang the double prior
distribution for © s Erlang (A) - Exponential (A1) distribution with

(A=4 M=) for all t. The same thing for (@=1-58=0-5)3n4 for all t except
t=1.3.

In_table (4-4), when the true value for (@=1,6=1.5) and the double prior
distribution for © is Chi-square(V)-Gamma(a,b) distribution with (v=1, a=3,

b=2) for all t. The same thing for (@=1.58=1.5) yitn (v=3, a=3, b=4) and for all
t except t=1.3.

In_table (4-5), when the true value for (@=1.8=1.5) anq the double prior
distribution for © is Gamma(a, |fJ)-ErIang (M) distribution with (a=3, b=2,A = 4)
for all t. The same thing for (@=1.58=1.5and for all t except t=1.3.

And in_table (4-6), when the true value for (=1,6=1.5) and the double prior
distribution for © s Erlang(A) - Exponential (A1) distribution with

(A=3 M =05y tor all t. The same thing for (@=1-58=1-5)and for all t except
=1.3.

In_table (4-7), when the true value for (@=1,6=25) and the double prior
distribution for 9 is Chi-square(V)-Gamma(a,b) distribution with (v=3, a=3,

b=2) for all t. The same thing for (a=1.58=2.5) yjtn (v=1, a=3, b=2) and for all
t except t=1.3.

In_table (4-8), when the true value for (@=1,6=25) and the double prior
distribution for © is Gamma(a, |fJ)-ErIang (M) distribution with (a=3, b=2,A = 4)
for all t. The same thing for (a=1.508=2.5),nd for all t except t=1.3.

And in table (4-9), when the true value for (@=1,6=2.5) and the double prior
distribution for © s Erlang (M) - Exponential (A1) distribution with

(A=3,M =05y for all t. The same thing for (@=1-58=2.5)and for all t except
t=1.3.

See the summarized and tabulated the above discussion in table (5-1)- (5-3) in
Appendix-D.
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6. Conclusion

When we compared the estimated values for Reliability function R R, (O for
the parameter of the Pareto type | distribution by using the methods in this study
We find that Mean Square Errors (MSE) is decreased when sample size
increased in all cases, and the MSE is increased in all samples sizes (n) when the

true value of © increased .The best method is the bayes estimation according to
the smallest values of MSE for all sample sizes (n), comparative to the other
estimated values for MSE.

As we see in table (6-1), when the true value for (=1,8=0.5) and the double
prior distribution for 0 is Gamma(a,b)-ErIang (M) distribution with (a=3,
b:Z,)\= 6) for all t=1.3,1.6,1.9,2.1,24 . And the same thing for
(@=1.56=0.5)yn4 for all t except t=1.3.

In_table (6-1), when the true value for (@=1.8=1-5) ang the double prior
distribution for © is Chi-square (¥)-Gamma (a, b) distribution with (v=1, a=3,
b=2) for all t. And the same thing for (a=1.56=1.5) with (v =3, a=3, b=4) and
for all t except t=1.3.

And in table (6-1), when the true value for (@=1,6=2.5) and the double prior
distribution for © is Chi-square(V)-Gamma(a,b) distribution with (v=3, a=3,

b=2) for all t. And the same thing for (@=1.56=2.5) yith (v=1, a=3, b=2) and
for all t except t=1.3.

See the summary of conclusion for MSECR (1))in table (6-1) in Appendix-D.
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Appendix-A: The posterior distribution by using different double Priors.

1- The posterior diztribution nzing chi-sguare - samma distribution az doubls prior:
To find the posterior diztribution uzing Chi-zquared dizstribution—Gamma diztribution,

we follow theze steps:
When the prior distribution of § iz chi-zgunared diztribution, then the pdf iz given by:

115 5t 1
f{6)= () < 8+ expl-_8) for 6=0.,v=12 .. .v LAY
L ., L £
]._'(E.-
Again, when prior diztribution of 8 iz gamma diztribution, then the p.d.f. iz given by:
a
.’\(ﬁ'}=;— g2l exp{-b% ) for 920, a,b>=0 e A2)
2 a
We define the double prior for 8 by combining theze two priors as follows:
P”JI:'E'} o :']I_'_'E'} f () L LAS)
= xa 2
P(8)al (l 1 gl zap(—l'ﬁ'} ][b— g2l expl{-b 8 )]
t v 2 2 T'a
T
_E a l-_z_"
P(8) al— (;1:- 22" 167 Taxpra+b)) (A4
: v, 2 Ta 2
rl::.-'
v 5
Elale 1 -
P(8) ok 6~ expl(-8(=+b} ] LAY
v
- .2
Where k=[ 1‘ (=) 2 Ly
r!(::l s FE.
Then the posterior distribution of 8 for the given the data t={t, t,,....t; }iz given by:
Lit| ) B9}
POt —————— | & B(6) LA
[ Lit| &) P66
L

Substituting the equation (4) and {A.5) in equation (A.6), we get:

fat fat —Ta-
8%exp(nbln(a)lexp(§ T Int, - I Iat )[k 67 expl-8 (;1—1::-:-]
?(al t= 1=1 1=1 =
-

= n n —+a2-1 1

[ 8Mexplndin(oijexp(d T Int. - T Int.3[k 67 axp(-8 (= +b 1)}

0 i=1 ' =1 ! :

AT
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fmTaT=——L1—1L Ei
a 2 expd- 8 T 11‘.:1. —1‘.11‘.{:::}+:1+ B
B8] 0= i=1 - AR
@ fmtato—y-t n 1
ia 2 expl- 8 E 1r_t1. —nin{o)+—+bHde
[+] i=1 -

By multiplving the integral in equation (A &) by the quantity which egquals to

n 1 fmtatz—L) .

{E 1.11t{—:|11.11{€|:}+:+b} = 1"{11+a+1?-1}

(1=t ) ¢ = ), where
L n 1 fmmn st )

Tin+a+-1) (T Int, —ninfa)+Z+b)" 2

= iml <

I'{.yizs a gamma fonction. Then we get,

-1y

(E nt,—nin(a )es+n) L
B8] n-i=l - 8T g8 & nt, —nin{a)+ 2 + 1)
Tin+a+o-1) A8 = <

AT
Whers At 8) eqguals to
T im 1 1 =i
m W E i-n {ﬂ}+3+} PR,

Afr gy | A=1 - 8
L] Iin+a+ =- 1

pB( T 1.11t,—:|11.11{-:|:}+?1+b}}d-ﬂ-1
Ll o
Ee the infegral of the pdf of gamma diztribution. Then we get the posterior distribution
of @ given the data t={t, ... t_ ] is
—:’T—Ll

—

{_E tnt; —nln(a)rasB) —
B =izl — 8 I exp{-8(% Int —nin{a }+?1+ b))
Tin+a+ -1} = =

o.anbw>0, 820 v L ATDY
It MIEANS that P,{H'| ) ~ EAMmIna diztribution with HEW Parameters

{ Eimeayem [+ 3 + ;-1}:1:.‘-;:.- {ﬁ Int, —nln{x }+?1+ [
e =1 e

2- The posterior diztribution nsin mIma - Br distribotion az double prior:
To find the pesterior distribution uwsing gamma distribution— Erlang diztribution, we
follow thee stepe:
When the prior distribution of 8 iz gamma distribution, then the pdf iz given by:

fl.:a;._:i—; 8 71 mpine ) for @20, 2b>0 _An
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Again, when prior diztribution of 8 i= erlang distribution, then the pdf is given by:

F (@)=l @ exp-18) r 820, >0 — (A 11}

We define the donble prior for 8 by combining these two priors as follows:

B(8)a f(8) f(8) LAY

]

B,{8)af % 87! mprv8) IR 8 mpi-n 8))

B (&) ::[lii A7) BPeaxp B+ A0 ) AL
= ]

Bi(8) ek B amp(-Bb+1) ) AL

Where x,-[lji A%]
a3

Then the pesterior diztribution of 8 for the given the data =t t. ... 1 )i given by:

L &) B(8)
e 9= e v
L

Subatituting the equation (4) and (A 14) in equation (A &), we gei:

A8

n n =
8 emp (08 In{ oexpl-8 T 1r.t1. - E 11'.t1. ME, 8 eapl@b+L)) ]

P.(8] - e

j 8 mp(ndinojlep(-8 T Int, - T lnt. [k 8%epl-8(b+1) ) |@

0 iml iml

_{A15)
‘L n
g e @ T 1r.t1. —nlnfi+b+A) )

B8 )= i=1 _(All
= m fetd+i-t i

i @ sxpl-8{ T 1r.t1. —alafoi+b+4]) ) 48

0 iml

By mmliiplying the integral in equation {4146} by the guantity which equals to
ﬂ -
(I Int; —nin{e)+b+ KyETEH

iml
( Tin+a+1) I

Tin+a+1)

= 1 . where I )iz a
(= 1.11ti —nlnd o+ b+ A)E=T

iml

samma funciion. Then we get,

; fmtztl)

n
i F 1r.t1. —nla{o)+b+ L)©

D8 | fm—i=l 85 a8 (T lat —nlafm+b+s L
80 T +2+1) ALLE =pC 8 E Iat-alafe+bs A0

L1

_(AITY
Where Al{t 8 equals to
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£ feta i)
- {_E h“i —nln{ ol +b+ LY :

Algy- A=l gl =it
0 Tin+a+1)

smp-B(T Int, —nln{@+b+ A))dB=1

Be the infezral of the pdf of gamma diztribution. Then we get the poaterior distribution
of 8 given the data {=(1t, . ... 1. )i

11- -

(Z lat, -niln(e)+b+ ) B=
D8] f-—=l 8 e Q0T fat, —ala{m+b+ A,
wabn k>0 . 820 — (AlD)

It means that P:{H'|t}}mg|m|ma diztribution with new  parameters

{ iy (1 + 3+ 17, Bincagm {ﬁ Int, —ninfal+ b+ A)).

3- The posterior distribution using er - exponential diztribution ax double prioe:
To find the posterior distribution wsing erlang distribution- exponential distribution,
we follow these steps:
When the prior distribution of 8 iz exponential distribufion, then the pdf iz given by:

f_._{ﬂl}-l,-'_-r.p{-l, LI e 620, L, =0 LG TALER

Again, when prior distribution of 8 iz erlang distribution, then the pdf iz given byv:
f}{ﬂ}-l: B exp-h @) for 820, A>0 — (A1l
We define the double prior for 8 by combining theze two priors as follows:

Pj{ﬂl}:c f}{ﬂl} f{{ﬂ-} A
By(8) @ [ & exp-28)][ hyempl-3, 8) )

P{8) a[X* L]6 expl-B{2+1)) WAL
P}{H} O LB emplB{L+3,0 ) o ALY

Where k., =[%° 4]
Then the posterior distribution of 8 for the given the data t=(t.t...... &, Jis given by:

Lit] &) B8)
B8l 6= |— LAAG
j Lit] 8 B(eye
8
Subatituting the equation () and (A4.27) in equation (A 6), we get:
n n
Texp(n@in(adespl- 8 T nt, - T Int )] k9§ expld (A+2))]
B (8] = =l =l :
j 8%exp (ndin(olexp(-8 T lnt; - T at;)[ ko8 epC(h+1, )0
0 im1 i-1 '
(A3
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I 1
BETHT g 11'.t1. —ala{w)+k+d ))
B8] )= i-1 : _(AM
o |} o fm4L)FL-L n * )
j ® axpl-8{ T 11'.t1. —nlnfel+h+ L )0 48
0 iml )

By nmltiphying the integral in equation (4.24) by the quantity which equal: to
n 45
(I Int, -nln{g)+h+2 i

iml
¢ Tin+1) A

Tn+d) y  where IV)is 3

n
(T 1.11ti—111.11{::}+1+1._}'3='2-'
iml
gamma function. Then we get,

r‘ 45
(I Iat, —nlafe) +L+1 )

i - iml [ S ﬁ; _ i
B8] 6 TSR] ] expd-8 Z Int, —alafa+d+L4, D
— (A5
Where At 8 equoals to
n .
o WL 1.11ti —nln{a)+h+4 )7
Yt fya] L=l - L
A8 b e

mp(-B(T Int, -nln{m)+h+L))d6al

Be the infesral of the pdf of gamma diztribation. Then we get the posterior distribution of
given the data t=(t, 6. 0.) 0

f =
( Z lnt; -nin{g)+i+ L) B
B (8| n=Lt=L

5-3:—2]-'. ;

ol 80T Int, —alaf@+h+h) .
=1

Tin+d)
e hh>0 . 820 — (A6
It THEADE that I;{HI| )} ~ pamma distribufion with mew

PArAMEbers] 2 mem= (1 + I, by {f‘_, Int, - ala{@+A+4)).
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Appendix-B
The following is the derivation of these estimators under the squared error loss function.

Appendic-B
The following is the derivation of theze extimators ander the squared error los: function.

The squared error loz: fonction

To obtain the Baye:' estimator, we minimize the posterior expected losz given by:
L{ 1;.: AT 1;.- Fy* , where R -R{t}&l%.- 1;.{’:}, the rizk function is:
Fizk= E[L{é Bl B.1)
Fizk = E[{ 1;.- Ry*]

Rizk= [{R-F)* B{8 \f)dé
8

Fizke [{F-F)* B8 f)df = FRitke [(R*-2ZRE+F>) B8 1) d8
8 8

RiskeF [ D(8| 08— 2F [RD(8| B+ [R*D(8| o=
JPe| o [RB(8| H®+ [RP(B| 1
a a a

Risk-R*-IRE(R| )+ E(R?| ¢ (B2
Let iRisk--L" ,we get Baves extimator of . denoted h}'l%.;m“ for the above prior as

R

follow=

R (t=E(F| £} = jR{t}P{H £)db .. {B.3)

1]

P (th= jR{t}E{E| £)db (=123 B4

1]

1. Baves estimation wsing Chi-square - Gamma distribufion a5 double prior:
To obtain the Bayes' estimator under Chi-square - Gamma distribotion as double prior.
Snbstituting the equation (A 10) in equation (B.4), we get:
Rs,{t}-jR{t}P,{ﬂ ) Br i=l B
1]

Where Fit) iz the Reliability fonction as follow

\ @, Cre
R_{t;-{?-“,weun rewrite it az fallow

R{‘t:l—ﬂ]:{ﬁ{l.f.{{l::l-l_f_{tl:l {ES:I
T 1 fmtait]
- = {F Iat, —nladoe)+s+B)° 2 i
Roaiffi=| =xp(8(in(a)-1n(g) 1=t — gl
: Tin+a+—-1}
7
cpd- @ [_';'_, Int, —nlnf e ) +?1 + by A (B.&
=1 2
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i 1 (==t
R - (E 1:r.t1. —ninfoe )+ =+ by = .
Roagin-| =1 _— p =t
o Tin+z +?—1}
a:p{-ﬂ{ﬁ Int, —{n+1)1n{ o }+1r_{t}+?1+b}}dﬂ —{BT)
2=l e
By multiplying the intesral in equation (B.T) by the guantity which equal: to
il 1 =_:I_:_-
(T 1.11'c*L —n+lnfe )+Int)+ -+ b 2
Bi—gi=l - 1, Then, we have
il ETaT——L
(T 1.11ti —n+1)Infx }+1.11{t}+?1+ )] 2
i=1 -
k1 1 l":ﬁ—:—'l
. e L E Int. —anlnde j+=+b) = .
R::l{t}-E'-_l- jmml . < E?—r:.—-_l 4
@ Tin +a+;-1}
a:p{—ﬂ{i Int, —{n +131In{x }+1r.{|:}+:1+ T i — (BB
=1 -
Then, we have
n 1 mHrtr—i]
. { = 1.11t1._—111_11{:c}+7+b}
Royit) = i=1 —Eit8) L (BD
Iu 1 EF=Tyl)
(Z Int; —{n+Din{ad+indth+S+b)
iml =
Where Bt &) egquals to
fn 1 =ttt
i{EZ In |:1. —i{n+ 1o o }+1r.{t}+;+b} .
Barg - [ 1=l - g= T

E I'{r.+a+l_;—1}

I

cop- 8 E Inut, —{n+1)1n{ o }+1r.{|:}+71+b} wEa1
Be the infegral of the pdf of gamma distribution. Then we get the Bayes estimator of 9 az the
following formula:
- 1 =+ L)
R { = 1.11t1._ —ninf{a )+ +b)
B () = i-1 - _ tanbavs0 .. (B.10
T 1 mf=ta—L]
{{E lmt{ —{n+Linda i+ 1o+ E+ )]
I _Bave: estimation wing pamma - Erlang disiribution a5 double prior:
To obtain the Bayes' estimator under Chi-zguare - Erlang distribution ax double prior.
Substituting the equation (A.18) in equation (B.4), we get:

ftm{t}_fm:t}n_{mt}da Br i=2 B
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Where Fi{t} iz the Eeliability function as in in egquation (B.5), we get:

n .
(= 1:r.t1. —ninf e+ b+ AT

Rn-_{t}-]; expd 8 (In{a)-1n ) 2=t CEy g
a:p:—ﬂ{_ﬁl Int, —nla{wy+b+ A o8 — {B11}
- = {E 11‘.t1. —nlnfoi+b+ &) ==
R,;-_{I:}-]; — Tin +a +1) gEmmn
E:p{—ﬂ{é Int, —{a+13Inf{a+1n{)+b+ A5 48 — {B11)

By multiplyving the infesral in equation (B.1X) by the quantity which equals fo
{E Int; —(n+1)in{w+1in{)+b+ wETTY

Baw={ {;1 3, where I a gamma fonction
(= mti—{n+1}1.11{-::}+1.11{t}+b+ ayeT=Ti
i=l
Then, we have
1‘- -
R iz 1r.|:1. —nln{o+b+ BT
R __.'t _E- L E'::-.I_'.!_'.
=={t) Jl Tin+z+1)
a:p{—ﬂ{f Int, —{a+13In{ o+ 1n{)+ b+ A 48 — [B13})
=1
Then, we have
ﬂ -t
) (E Int; —nin{c+b+ pEE
Rl e ——— = B8 =R
(= mti—{n+1}1.11{n:}+1.11.{t}+b+ apeE=e=i
i=l

Where Bs(t. &) egquals to

1
( Z_tat, —(n+Din{e)+inf)+b+ 1) &R

Bal - i i=1 gET=Fy—L
+L.8) !: Tin+z+1}

a:p[—ﬂ{f Int, —{n+13In{e+1n{i+ b+ A dé=1
=1

Be the intezral of the pdf of gamma diztribution. Then we get the Bayer estimator of @ as
the following formmla:

1
(I Int; —nin{a)+b+ gy B

B ()= -t tenbais0 .. (B.15
{ Z_int, —(a+)in{a) +inf+b+ A)ET2FY
im1
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3_Bave: esfimation wing erlang - exponential disiribution a5 double prior:
To obtain the Bayes' esfimator under erlang - exponential distribution as double prior.
Sunbetituting the equation (A 246) in equation (B.4), we get:

ﬁm{t}-_m{t}rg{m t) 48 Br Q=3 B4

]
Where Fit) is the Reliability function a3 in in equation (B.5), we get:

- = :E 1nt, _ﬂ1ﬂ':ﬁ_l:'+:'|.+:l|___}':=—2_|
RE;{t}-l-:- =xp(8 (In(e)-1n () 1=1 Tin+1) glE+a—t
Hﬁ'e{% Int, —alnfo)+ 2+ L)) & _ (B1E)
- - :; Int . —1".11"_-:1;(}+:|l+l.}-:=—2_|
E:lt)= _I; i-1 T ) gleTa—t

srp- 8 ?: Int, —n+indo) +In{+L+ 4,0 48 _ (B17)
-1
By multiplying the infegral in equation (B.17T) by the quantity which equals to

+1)

{ % 1‘”{ —{n+1}1.11{:c}+1.11{t}+1+11 i

Bia i;1 y, where T()is 8 pamma function
(= 1.11ti—{n+1}1.11{:c}+1.11{t}+1+11}'3='2-'
iml
Then, we have
X 0T lnt, —alnfe)+d+d )=
B f=Bsf A=l ) g+ at
=il ,[ Tin +1)
a:p{-ﬂ-il Int, —{n+ indo) +In{+L+ 4,0 48 _ (B1E)
Then, we have
ﬂ' -
X (E 1.11ti—n1.11{c:}+1+11}':= =
Rt = ——— =+ Bxit, &) . (B.15)
(= 1.11':i —{11+1}1.11{::}+1.11{t}+1+?.1}'3= 3
i=ml

Where Est.&) equals to
(r Int, —(a+Din(a)+in(+i+d)) fadd)

B& - T fml a"‘: 231
L8 [ Tin+10

a:p{-ﬂ{ﬁ Int, —{n+in{ i+ In{+L+4,7) ddl
=1

Be the intearal of the pdf of gamma distribution. Then we get the Baye: estimator of 8 as
the following formmula:
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] P
(Z Int, —nln{@+i+d) sy
i=1 Jtand k>0 . (B.20)

B ity =

I . -
(Z Int, —(a+Din(a)+infn+R+2 @77
i=1

Appendix-C: The following is the program algorithm.
Algorithm (1): To compute Bayes estimators ( R¢, (t) ) using the Chi-square (V )-Gamma

(a, b)a double prior distribution for 8 with MSE for R, (t).

iwvenm waAlwes for the parameter & @ BAmd sample size —m_ o — 1,
-

Vel @3 =3 b— I is the parameter for of the Chi-sgumare {(¥) —
Cammes {8, bl distribwoton amd the mmmber of replicatom {—10FF)

for each sample size {m).

r, 37 At given wvalwes for ..o &8

+

I For L.=1 o ¥
Cenerated data from Fareto tvpe I
L - I - R here my ~ wmiformdist™ {0 _ 1)

1

F__ .4t msimg Fformmmla im table {43, also

Comypute Fjich= (= /

distribwtion msime aeatlab

Aoy e
comp@ite NMEE{F o4t msimes formmla {5 for L=1_

e

4. W
Compute the @msean Tor F__, 00 for all L=—I0HFk,

compuwie the meam for RMEE{F {t}) for all L =10k

I

Note: we can reformulate the Algorithm (1) to compute Bayes estimators

Rgg (1), k = 2,3 under using other distributions as double prior distribution for 6

with MSE for Ry (t),i=2,3.

Journal of Economics and 34 Vol.25 No.113 2019

Administrative Sciences



Priors Functions

Appendix-D The summarized and tabulated discussions and conclusions.

N

5-1 Best Estimation according to the smallest value for MSE(R (t))

Comparison of Bayes' Estimators for the Pareto Type-I
Reliability Function Under Different Double Informative

(R{th)

I\.ISE{I;.{t}}

parameters ) Sample Size) Sample i)
| e | w | 1w | e | w | 1w
o t | v | a/| b (B(8] x) ) when double prior distribution s {Chi-square(v) -Gammaa b)) dist”".
05 | 13 1 3 4 | 087706 (087366 [ 0.87532 | 0.87353 | 0.87619 | 0L0Q03% | 000022 | 0.00014 | 0.00010
L4 0.79057 | 0.73569 | 0.78803 | 0.78831 | 078948 | 0.0009% | 0.00057 | 0.00037 | 0.00027
1.9 0.72548 [ 0.71997 | 0.72268 | 0.72287 | 0.72427 [ 0.001%3 | 0.00089 | 0.0005% | 0.00042
21 069007 | 0.63441 | 0.68721 | 0.68734 | 068584 [ 0.00183 | 0.00106 | 000070 | 0.00051
24 06455 | 0.63082 | 064265 | 0.6427 | 06443 [ 000219 | 0.00129 | 000084 | 0.00061
15 | 05 | 13 1 3 4 - - - - - - - - -
14 0.96825 | 096721 [ 006756 | 0.96703 | 0.96805 | 200607 | 167776 | 1012867 | 533530
19 0.83852 |0.3353% | 0.83636 | 0.38756 | 088796 | 0.000327 | 0.0001% | 0.00011 | B.3G02e
21 084515 [ 084112 | 0.84234 | 0.34393 | 084445 [0.00059 | 0.00033 | 0.00020 | 0.00017
24 0.79057 | 0.73569 | 0.78T11 | 0.7391 | 078975 [ 0.00099 | 0.00057 | 0.0003% | 0.0002%
o | @ t i b L [ (B(8]=x)) when double prior distribution iz (Gammaa b) - Erlang (1)) dist”.
1 05 | 13 3 2 6 | 087706 (087485 | 087586 | 0.37SEP | 087654 | 0L00033 | 000020 | 0.00013 | 0.00010
L4 0.79057 | 0.78754 | 0.78895 | 0.T3530 | 078950 | 0.00086 | 0.00053 | 0.0003% | 0.00026
1.9 0.72548 [ 0.72224 | 0.72376 | 0.72358 | 072478 [ 0.00133 | 0.00083 | 0.000%F | 0.00040
21 069007 | 0.63656 | 0.6883% | 0.68812 | 06894 [ 000129 | 0.00099 | 000066 | 0.00049
24 06455 [ 064248 | 064393 | 0.64354 | 064491 [ 000192 | 0.00120 | 0.00081 | 0.00059
15 [ 05 | 13 3 1 [] - - - - - - - - -
14 0.96825 | 0.96756 | 096771 | 0.96303 | 0.96811 |2.56857 | 155076 | 0.6367e” | 50423
19 0.83852 | 0.33647 | 0.8365% | 0.3878% | 088519 ([0.0002%8 | 0.00017 | 0.00010 | 9.0359e™
11 084515 | 084257 | 0.84304 | 0.84435 | 0.84476 | 000051 | 000031 | 0.0001% | 0.00014
24 079057 | 0.73754 | 0.738 078865 | 0.79016 | 0.00086 | 0.00053 | 0L00033 | 000025
o t 3 3 (P:(E'| x) ) when double prior distribution is ( Erlang (A }-Exponential | 1, )) dist™
05 | 13 4 1 087706 | 037641 | 0.87672 | 0.8T648 | 0877 0.00036 | 0.00021 | 0.00014 | 0.00010
14 070057 | 07001 | 0.79034 | 0.7BRE4 | 0.79062 | 0.00092 | 000055 | 0.00036 | 0.00024
19 0.7254%8 | 0.72547 | 0.72551 | 0.72478 | 07157 [ 0.00143 | 0.00086 | 0.00056 | 0.00041
11 069007 | 069043 | 0.69031 | 0.68944 | 0.69042 [0.00171 | 000103 | 0.00065 | 0.00050
24 06455 | 0.64645 | 064607 | 0.64501 | 064604 (000207 | 0.00125 | 0.00082 | 0.00061
15 [ 05 | 13 4 1 - - - - - - - - -
L6 0.96325 [ 096795 [0.06794 [ 096310 | 096825 [2.7234e” [ 13337 | 0.8192¢7 | 51691
19 0.88852 [ 088780 | 0.88765 | 0.88842 | 0.88861 | 0.00030 [ 0L00017 [ 0L00011 | 9.189%e*
21 084515 | 0.84451 | 0.84400 | 0.34500 | 084532 [ 000054 | 0.00032 | 0.00020 | 0.00016
4 070057 | 0.7001 | 0.7893F | 0.79061 | 0.79089 | 0.00092 | 000054 | 0.00034 | 0.0002%
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AN

5-2 Best Estimation according to the smallest value for MSE(R (t))

(R(D) ASE(R(1))

parameters RH) Sample Size(n) Sample Sze(n)
W o[ 6 | w0 | 1N W[ o6 | s | 1
o | 8 t v | a| b {P{ﬁ| x) ) when double prior distribution i (Chi-square{v) -Gamma(a b)) dist™.
15 [ 13 1 3 D | 67466 [ 067940 | 0.67658 [ 067732 | 0.6TTO0 [0.00152 [ 0.00104 [ 000067 ( 0.00057
] 049411 |0.50346 | 0.49868 | 0.49360 | 0.49517 | 0.00314 | 0.00178 | 0.00116 | 0.0009F
19 0.38153 (039432 [ 0.33500 [ 0.38762 [ 0.33680 [0.00355 (000199 ([ 0.00130 (0.00110
21 03286 | 0342584 | 033567 | 033492 | 0.33407 | 0.00356 | 0.00197 | 0.00129 | 000109
24 0.16896 |0.218438 | 027685 | 027577 (027481 |0.00341 | 0.001%6 | 0.00122 | 0.00102
15 |15 | 13 [ 3 3 4 - - - - - - - - -
L 090773 (09136 | 091102 | 091016 | 0.90852 |[0.00018 | 0.00010 | 7.605%5” | 5.9481e*
19 0.70147 [0.71971 [ 0.71171 | 0.709 0.70703 [0.001%6 | 0.00088 | 0.00062 | 0.0004%
11 0.60368 | 0.61017 | 0.60764 | 0.60705 | 0.60602 | 0.00238 | 0.00135 | 0.00093 | 0.00073
24 049411 | 0.50346 | 0.49960 | 0.49365 | 0.49734 | 0.00314 | 0.00176 | 0.00123 | 0.0009%
o | & t g | b | & | (BE(8]x)) when double prior distribution iz (Gamma(a b) - Erlang { 1)) dist®.
1 |15 | 13| 3 1 4 | L6766 | 0.70507 | 0.69168 | 0.68746 | 063434 |0.00215 | 00O111 | 000073 | 0.00060
] 049411 | 053819 | 0.51806 | 0.51201 | 0.50835 | 0.00407 | 0.00202 | 0.00132 | 0.00107
139 0.38183 | 043108 | 0.40857 | 0.4017 | 0.39764 | 0.00492 | 0.00236 | 0.00152 | 0.00113
21 03286 | 037024 | 035606 | 0.34895 | 0.34470 | 0.00511 | 0.00241 | 0.001%4 | 0.00124
24 0.36804 | 031003 | 0.2966 | 0.23936 | 0.28515 | 0.00510 | 0.00234 | 0.00149 | 0.0011%
15 |15 | 13| 3 2 L) - - - - - - - - -
] 090773 091741 | 091321 | 0.91169 | 0.9107 | 0.00021 | 0.00011 | §.0492e* | 6.1783e™
19 0.70147 [0.73054 (071792 [0.71334 [ 0.71038 [0.00156 ( 0.00097 [ 0.00066 ( 0.00050
21 060365 |0.640584 | 062451 | 0.61360 | 0.61496 | 0.00292 | 0.00150 | 0.00102 | 0.00077
24 0.49411 |0.53819 | 0.5189% | 0.512 0.50756 | 0.00407 | 0.00204 | 000135 | 0.00103
o | 8 t Ll {E:{El| x) ) when double prior distribution is { Erlang (A )-Exponential | 1, J) dist™.
15 [ 13 ] 3 | 03 (67466 [ 0.69506 [ 0.6851% [ 063203 [ 0.68135 [0.00194 | 0.00106 [ 0.0006% ( 0.0005%
L 049411 | 0.523§7 | 0.509056 | 0.50606 | 0.50376¢ | 0.00357 | 0.00188 | 0.00123 | 0.00102
19 0.38153 (041504 [ 039950 (039542 [0.39270 [0.00424 (000217 [ 0.00141 | 0.00116
11 03286 | 036413 | 034712 | 0.34260 | 0.33906 | 0.00437 | 0.00219 | 0.00142 | 0.00117
24 0.168%6 |0.30536 |0.218794 |[0.2833 | 028051 (0.00432 | 000211 | 0.00135 | 000111
15§ |15 | 13 | 3 | 05 - - - - - - - - -
L 090773 091377 | 091107 | 0.9101% | 090853 [0.00020 | 000011 | 7.340%” | 6.0897e*
19 0.70147 [0.7:031 [0.71158 [ 0.70909 [ 0.70708 [0.00169 [ 0.00092 [ 0.00064 ( 0.00049
11 0.60368 |0.62802 | 061713 | 061349 | 061092 [0.00261 | 000141 | 0.00097 | 0.00074
24 049411 [0.51357 | 0.51054 | 0.5060%5 | 0.50294 |[0.00357 | 0.00159 | 0.00130 | 0.00099
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AN

5-3 Best Estimation according to the smallest value for MSE(R (t))

(R (1) MSE(R (1))

parameters &Y Sample Size(n) Sample Sizeln)
o[ o6 | [ 1w o[ o6 | W [ 1w
o | 8 t v | a | b {P{ﬁ| x) ) when double prior distribution & {Chi-square{v) -Gamma(a b)) dist".
15 [ 13 ] 3 3 1 | 051897 | 054195 | 0.53194 | 052957 | 0.31605 |0.00297 [ 0.00167 | 0.00117 | 0.00081
16 030951 |03333% | 031541 | 032008 | 0.01785 |0.00370 | 0.0020 | 0.00141 | 0.00107
10 730006 023105 | 021781 | 021311 | 03101 | 000335 | 000170 | 000117 | 0.00088
11 0.1564% | 0.13566 | 0.17276 | 0.16828 | 0.16528 |0.00292 | 0.00143 | 0.00089 | 0.00073
24 011207 | 0.1391% | 0.12711 | 0.12283 | 0.12018 |0.00232 | 0.00109 | 0.00074 | 0.00084
15 [25 |13 ] 1 3 2 - - - - - - - - -
] 0.451 0.36244 | 0.35687 | 0.85543 [ 0.85446 |0.00050 | 000027 | 00019 | 000014
19 0.55379 | 0584587 | 0.5T012 | 0.56570 | 0.563131 | 0.00316 | 0.00166 | 0.00112 | 0.00042
11 04312 | 0.4682 | 0.45068 | 0.44544 | 044225 | 0.00415 ) 0.00211 | 000141 | 0.00103
24 030852 | 034934 | 033017 | 032433 | 032082 | 0.00457 | 0.00223 | 0.00147 | 0.00104
o | @ t g | b | & | (E(8]x)) when double prior distribution iz (Gamma(a b) - Erlang (}.)) dist®.
1 (25 |13 ] 3 2 4 [ 051807 (060716 | 0.5T042 | 055570 | 054717 | 000009 | 0.00371 | 0.00221 | 0.00151
1 030882 | 0.41222 | 036792 | 035075 | 0.3408 | 0.0125% | 0.00487 | 0.00283 | 0.001%0
19 0.20084 | 0.30065 | 0.25680 | 0.24034 | 0.23085 | 0.01177 | 0.00436 | 0.00245 | 0.00164
11 0.1564% | 0.25066 | 0.20872 | 0.19300 | 0.18422 | 0.01055 | 0.00380 | 0.00214 | 0.00140
14 011207 (00971 ) 005845 | 0.04435 | 0.13646 | 0.00865 | 0.00300 | 0.00166 | 0.00107
15 (25 |13 ) 3 1 4 - - - - - - - - -
] 1.451 0.33350 | 0.3T004 | 0.8647F [ 086175 |0.00123 | 000057 | 000031 | 0.00021
14 0.55370 | 0.6376 | 0.60204 | 058347 | 0.58074 |0.00821 [ 000331 | 0.00197 | 0.00133
11 04312 | 052539 | 0.48663 | 0.4T085 | 0.46197 | 001107 | 0.00436 | 0.00256 | 0.00172
24 030882 | 0.41222 | 036702 | 035024 | 0.34082 | 001258 | 0.00470 | 0.00276 | 0.00184
o | @ t | L& (Eg(ﬁ| %) ) when double prior distribution & ( Erlang (1 )-Exponential | ., )) dist*.
15 | 13| 3 [ 03 0.51807 | 057879 | 0.55124 | 054257 | 0.53676 | 0.00551 | 0.00244 | 0.00155 | 0.00112
Ld 030882 | 037947 | 0.34763 | 0.33619 | 0.32042 | 000757 | 0.00314 | 0.00196 | 0.00135
14 0.20006 | 0.26036 | 0.23808 | 0.227 013053 | 0.00702 | 0.00277 | 0.0016% | 0.00117
11 015645 | 0.22122 | 0.19133 | 0.18085 | 0.17477 | 0.00627 | 0.00240 | 0.00145 | 0.00089
24 011207 | 017061 | 0.14323 | 0.1337% (011831 (000511 (000188 | 0.00112 | 0.0007%
15 [ 25 | 13 ] 3 | 05 - - - - - - - - -
1 0.851 0.37289 | 0.36293 | 0.835957 [ 0.85764 (0.0007% | 000035 | 000022 | 0.00016
19 0.55370 | 0.61057 | 0.58456 | 0.87578 | 057078 | 0.0D409 ) 0.00219 | 0.0013% | 0.00098
11 04312 | 0.49731 | 0.46687 | 0.45661 | 0.45079 | 0.00670 | 0.00285 | 0.0017% | 0.0012%
24 030882 | 037947 | 034666 | 0.33565 | 032045 | 000757 | 0.00309 | 0.00189 | 0.00132
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n

6-1: the summary of conclusions for MSE( R (t)).

The best estimation according to -
rameters R MSE(R (t))
P smallest value for MSE(R(t))
when the double prior Sample Size(n)
a a t | distribution is 30 60 9 120
1 | 05|13 | Gamma(a .b) - Erlang ()| 0.00033 |0.00020 | 0.00013 | 0.00010
1.6 | distribution with (a=3,b=2, 3.=6) | 0.00086 | 0.00053 | 0.00035 [ 0.00026
1.9 0.00133 | 0.00083 | 0.00055 | 0.00040
21 0.00159 | 0.00099 | 0.00066 | 0.00049
24 0.00192 | 0.00120 | 0.00081 [ 0.00059
15 | 05 [ 13 B B B B
To| Gamma@a . ) - Erlmg (1) S8 poRTe e e
2| distribution with (a=3,b=2, 1.=6) |==--= : : 1359
71 0.00051 | 0.00031 | 0.00019 | 0.00016
14 0.00086 | 0.00053 | 0.00033 | 0.00028
1 [ 1513 0.00182 | 0.00104 | 0.00067 | 0.00057
T3] Chisquaretv) - Gamma(a b) -5 5051000199 T 0.00130 | 0.00110
: JArSquarelvy - f-ammaia . 00355 | 0. . .
3.7 | distribution with (v=1,2=3,b=2) r5r3=e—400107 [ 0.00128 | 0.00109
24 0.00341 | 0.00186 | 0.00122 | 0.00102
L5 | 15 | 13 B B i B
1.6 | Chisquare(v) - Gamma(a .b) [ 0.00018 | 0.00010 | 7.6055¢° | 5.9481¢°
1.9 | distribution 0.00156 | 0.00088 | 0.00062 | 0.00048
71 | With (v=3, a=3, b=4) 0.00239 | 0.00135 | 0.00093 | 0.00073
24 0.00314 | 0.00176 | 0.00123 | 0.0009%
1 [25]13 0.00297 | 0.00167 | 0.00117 | 0.00091
ig Chisquare(v) - Gamma(a , b) | 000379 | 0.00202 | 0.00141 | 0.00107
9 | distribution with (=3, a=3, b=2) | 0-00335 [0.00170 | 0.00117 | 0.00088
2.1 0.00292 | 0.00143 | 0.00099 | 0.00073
24 0.00232 | 0.00109 | 0.00074 | 0.00054
15 [ 25|13 _ _ B _
L6 ) 0.00050 | 0.00027 | 0.00019 | 0.00014
Chi-square(v) - Gammaia ,[b)
1.9 | -Aarsqua - ammats 0.00316 | 0.00166 | 0.00112 | 0.00032
3.1 | distribution with (=1.2=3.b=0) 55a = 400211 [ 0.00141 | 0.00103
24 0.00457 | 0.00223 | 0.00147 | 0.00106
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