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Abstract

In this study, different estimators were used for estimating parameter of the
exponential distribution, such as maximum likelihood estimator, moment
estimator and the Bayes estimator, by assuming six types when the prior
distribution for the scale parameter is: Levy distribution, Gumbel type-II
distribution, Inverse Chi-square distribution, Inverted Gamma distribution,
improper distribution, Non-informative distribution .Under squared and
weighted squared error loss functions. We used simulation technique, to
compare the performance for each estimator, several cases from Exponential
distribution for data generating, for different samples sizes (small, medium, and
large). Simulation results shown that The best method is the bayes estimation
according to the smallest values of MSE & MWSE for all samples sizes (n)
comparative to the estimated values by using Maximum likelihood estimation
method (MLE) and Moment estimation method (ME). According to obtained
results, we see that when the prior distribution for 6 is Inverted Gamma
distribution for some values of the parameters a&p, given the best results
according to the smallest values of MSE & MWSE comparative to the same
values which obtained by using MLE& ME for the assuming true values by
0 =0.5and for all samples sizes. When the prior distribution for 6 is Improper
distribution for some values of the parameters a & b, given the best results
according to the smallest values of MSE & MWSE comparative to the same
values which obtained by using MLE & ME for the assuming true values by
0 =1,2,4and all samples sizes.

Key words: The Exponential, Maximum likelihood method, Moment estimation
method, Bayes method, mean squared errors (MSE), mean weighted squared
errors (MWSE).
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1. Introduction

The difference between Maximum Likelihood estimation and Bayesian
estimation is that in maximum likelihood estimation the parameters are not
random variables. In Bayesian analysis the unknown parameter is regarded as
being the value of a random variable from a given probability distribution, with
the knowledge of some information about its value prior to observing the data x;,
X2... Xp (RoOss, 2009) [9] ; we mention some of studies in a brief manner:

In (1998) Rossman, Short, and Parks [10] presented some thought
provoking insights on the relationship between Bayesian and classical estimation
using the continuous uniform distribution.

In (2001) Elfessi and Reineke [7] intended to explore these relationships
using the exponential distribution. They show how the classical estimators can be
obtained from various choices made within a Bayesian framework.

In (2005) Ali and Woo and Nadarajah [5] considered bayes estimators of
the parameter of the standard exponential distribution. They derived bayes
estimators under a symmetric squared error loss function as well as an
asymmetric loss function.

In (2005) Al_Kutubi ! studied the extension of Jeffery prior information
with square error loss function in exponential distribution.

In (2007) Abu-Taleb and Smadi and Alawneh [1] considered exponential
survival time with the exponential random censor time. They derive bayes
estimates assuming the inverted gamma prior along with the bayesian credible
intervals.

In (2009) Al_Kutubi and Ibrahim [3] provided the extension of Jeffery
prior information with new loss function for estimating the parameter of
exponential distribution of life time .Through simulation study the performance
of their estimator was compared to the standard bayes with Jeffery Prior
information with respect to the mean square error (MSE) and mean percentage
error (MPE).

In (2009) Al_Kutubi and Ibrahim [4] annexed Jeffery prior information to
get the modify bayes estimator and then compared it with standard Bayes
estimator and maximum likelihood estimator to find the best (less MSE and
MPE). They derived Bayesian and Maximum likelihood of the scale parameter
and survival functions. Simulation study was used to compare between
estimators and Mean Square Error (MSE) and Mean Percentage Error (MPE) of
estimators are computed.

In (2010) Tahir and Aslam [11] provided the comparison of uninformative
(Jeffrey's and uniform) priors for the parameter of the exponential model for
time-to-failure data. They also presented Bayesian and classical analysis of the
model. Their comparison is based upon the posterior variance, the bayesian
point and interval estimates, the coefficients of skewness of the posterior
distribution and the posterior predictive distribution.

In (2013) Yang and Zhou and Yuan [15] studied the bayes estimation of
parameter of exponential distribution under a bounded loss function, named
reflected gamma loss function, which proposed by Towhidi and Behboodian
(1999). They used the inverse Gamma prior distribution as the prior distribution
of the parameter of exponential distribution. Bayesian estimators are obtained
under squared error loss and the reflected gamma loss functions.
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The aim of research

The objective of this research, we try to find best method to estimate
parameter of exponential distribution .According to the smallest value of Mean
Square Errors (MSE) and Mean Weighted Square Errors (MWSE) were
calculated to compare the methods of estimation. We used the maximum
likelihood estimator, the moment estimator and the bayes estimator by assuming
six types of priors, to get bayes estimation: Levy distribution, Gumbel type-11
distribution, Inverse Chi-square distribution, Inverted Gamma distribution,
Improper distribution, and Non-informative distribution when the Bayesian
estimation based on squared and weighted squared error loss functions.

Several cases from exponential distribution for data generating ,of different
samples sizes (small, medium, and large).The results were obtained by using
simulation technique, Programs written using MATLAB-R2008a program were
used.

2.1 Exponential Distribution

Let us consider Xi, Xp, ..., X, IS @ random sample of n independent observations
from an exponential distribution having the probability density function (pdf)
define as [7,8]:

f(x:0)= 01 exp(-% . x>0 - (1)

where 6 > 0 is mean, standard deviation, and scale parameter of the
distribution, 6 is a survival parameter in the sense that if a random variable x is
the duration of time that a given biological or mechanical system manages to
survive and x ~ Exp(0) then E[x] = 6. That is to say, the expected duration of
survival of the system is 6 units of time.
2.2 Parameter Estimation Methods

In this section, we used several methods to estimation parameter 6.

2.3.1 Maximum likelihood Estimation(MLE)
From the Exponential pdf given in (1) the likelihood function will be as
follows[6]:

n -n Y X
L(x\0)=TTf(x;0)=0" exp(- ’e ) -(2)
i=1
By taking the log and differentiating partially with respect to6, we get:
2.”: X .
O logLix\gy ="y =t (3)
00 0 02

Then the MLE of 0 is the solution of equation (2) after equating the first
derivative to zero, Hence:

n
" 2l X
Ome =

=X . (4)
n
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2.3.2. Moments Estimation (ME)
The method of moments is another technique commonly used in the field of
estimation of parameters. If x=(Xx;,X,,...,X,)be a random sample of size (n)

represent a set of data, then an unbiased estimator for the r' origin moment is

[6]:

z.”_ x':
mr: =1 7l (5)

n
Where m, stands for the r" sample  moment. The first moment of the

Exponential distribution as:

M1=E(x)=ﬁ=e . (6)
Therefore by equating sample and population moments we get

m1=M1=E(x)=ﬁ=e . (7)

From (7)weget x =0 = eA)MM =X .. (8)

2.3.3 Bayes Estimation Method
Let X =(X;,X,,..,X,)be a random sample of size n with probability

density function given in equation (1) and likelihood function given in equation
(2).In this paper , we derived the posterior distributions for the unknown
parameter 0 using the following six types of priors ,and then get bayes estimation
[8]:

1. Levy distribution.

2. Gumbel type-II distribution [12].

3. Inverse Chi-square distribution [14].

4. Inverted Gamma distribution [13].

5. Improper distribution.
6
2.

. Non-informative distribution.
3.3.1 The posterior distribution using different Priors
In this section, we derive the posterior distributions .It is assumed that 6
follows six types of prior distributions with pdf as given in table below:
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Table -1: The six types of prior distributions (P(6)) with pdf for6.
Prior distribution P(0)

0~Levy(b,) P(0)a /E 9-5 exp(-&) for b,, 6>0
2n 20

0 ~Gumbel type-11(b) P(6) 0 b 072 exp(-Eb) for b 0>0

\'
—1
0 ~Inverse Chi-square(v) | P(0)a —1V 02

exp(——l) for v,06>0
92 20

0 ~Inverted Gamma( a, o
(o.B) P(0)a E—e (a+1) exp(—g) for o,p, 6>0
o

6 ~Improper(a, b) P(o)a 0 @+ exp(-gb) for b, 0>0
and -o<a<oo
1
6 ~Non-informative(c) P(6) a o for 6,c >0

Then the posterior distribution of given the data x = (X;,X,,...,Xp )is[7]:
L(x\6) P(6)

[ L(x\0) P(6)do

0

Substituting the equation (2) and for each P(6) as shown in table -1 in

equation (9), we get the posterior distributions for the unknown parameter 0 are
derived using the following six types of priors ( for more details see Appendix-A).

P(O\X) =

.(9)
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Table -2: The posterior distributions (P(6\X) ) for the unknown parameter
(0) are derived using the following six types of priors.
Prior dist". The posterior distribution (P(0\x) )

B (6 '\x) ~ Inverted Gamma ( Qusewy = (n+% ).Pae = (30, x. + %) ) with| pdf

1
i1 % +&)(H i I(n+1y+1]
Levy pO\x=——= 1 2 o 2

- (-3 (S X, +12)
I'(n+ E)

n, b,, 6>0

P,(8'x) ~Inverted Gamma ( tsewy = (0 + 1), By = (X1, x. + b)) with pdf

Gumbel type-I1 (N_y x; +b)0 Vgl eXD(-%(Zi”=1 x. +b))
P,(0\X) =

I'n+1)
n b 6>0

P,(8'x)) ~Inverted Gamma ( v = (n+; )P = (35, x, 4 %) ) with pdf
1,0+

: g x+3) T+ Y
Inverse Chi-square | p,(o\x) =— -+ "1 2 o L+

1 1
exp(-— (L X +=)
I'(n+ %) 0 2

n,v,o0>0

P,(6'x) ~Inverted Gamma ( 0w = (n+ 0), Paswy = (T1, x. +p)) with pdf

7

- 1
Inverted Gamma &, % +p) () g7l T ) +] e><p(—6(zi“:1 X +B)

P01 = I'n+a)

np,a,6>0

P.(8x) ~Inverted Gamma ( ta=) = (n+ a), ey = (¥7, X, +b)) with pdf

¥

- 1
Improper (Z, X e g0l em('g(zinzl Xj +b)

PO19= T(n+a)

n,h 6>0 and -co<a<w
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(n+c-1) 0 [(n+c-1)+1]

1
(Zinzl Xl) em('62P21

P,(9 "\ x)~Inverted Gamma ( Ge=sy = (0 +C=-1), Py =( T, X;)) ‘-Vl'tl:ll pdf

(i)

Non-informative P.(0\X) =
I'(n+c-1)
nc,0>0

2.3.3.2_ Bayes' Estimators
In this section, we derive Bayes' estimators for the scale parameter 6, it was
considered with six different priors and under two loss functions:

1. The squared error loss function L,( 0, 0)=( 0- 0)>.

N

_ 2
2. The weighted squared error loss function L,( 0, 0)= (e—e).

0

N

Where 0 is an estimator for 0, was considered with different six priors, and
under two loss functions. Following is the derivation of these estimators:

First: The squared error loss function
In this section, we derive Bayes' estimator. To obtain the Bayes' estimator, we
minimize the posterior expected loss given by:

L, ( e 0)=( e 0)? ... (10)

After simplified steps, we get Bayes estimator of 6 denoted by 6. for the above
prior as follows

A

eSE:E(e\x):TeP(O\x) do . (11)

So, the following results are the derivations of these estimators under the
squared error loss function with different six priors (for more details see
Appendix-B).
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Table -3: The estimators ( 6. ) under the squared error loss function
with different six priors.

A 00

Prior distribution | 0 =E(0\X) = je P(0\X) do

0

1
n F(n-E) b
Levy 65E1=—1(2in:1 Xi+73) ,N&b, >0
I'nh+->)
2
Gumbel type-11 o~ 1M w0 v b)Y n&b>0
SE2 T(n+1) (L [ ) >

. T+>-1)

;n\lj::see Chi- 0, =—2V(Z;‘:l X, +%) , N&Vv>0
q F(n—I—E)

A

Inverted Gamma _F(L“'l)(z” X, +B) , n,p,a>0
= i=1 i ) ’ 1

SE4 I'h+ o)

N

I'h+a-1) .,
Improper SEs =$n—+a))(zi_l X, +b),nb,a>0

" T(n+c-2)

= "o x:),nc>0
SE6 F(n+c-1) (Zl—l |)

Non-informative

Second: The weighted squared error loss function
In this section, we derive Bayes’ estimator .To obtain the Bayes' estimator, we
minimize the posterior expected loss given by:

N

L2(9,9)=%

- (12)

After simplified steps, we get Bayes estimator of 6 denoted by®9,,. for the above

prior as follows

. 1 1
Oyse = = .. (13)

1 21
E(=\X =
(e ) !ep(e\x)de

So, the following results are the derivations of these estimators under the
weighted squared error loss function with different six priors (for more details
see Appendix-C).
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Table -4: The estimators (6,,sc ) under the weighted squared error loss
function with different six priors.

" 1 1
] L. ) eWSE = =%
Prior distribution E( \x) Il P(0\x) do
O
R ['(n+ )(Z—l X; +7)
Levy WsEL = ,N&b, >0
I'h+—
(n 2)
Gumbel type-11 0oy = I'n+1)XL x; +b) n&b>0
I'n+2)
\Y; 1
R TCn+ )5, X, +~—
Inverse Chi- 0 B (IHZ)(Z"l % +2) nv>0
square WSE3 — Vv ’
Fm+E+D
Inverted Gamma | * F(n+o) (XL X, +B)
0 \ses = n,B,a>0
I'n+o+1)
A I'h+a)(Xl, X, +b)
Improper 0 = nb,a>0
Prop WSES I'n+a+1)
Non-informative |~  Tm+c-1)(ZL X;) N es0
WSE6 — 1
I'(n+c)

3. Simulation Study

In this study, we have generated random samples from Exponential distribution
and compared the performance of MLE and MME and Bayes estimator based
on them. So we have considered several steps to perform simulation study as
follow:

1.We have chosen sample size n =
moderate and large sample size.

2. We generated data from exponential distribution for the scale parameter; we
have considered randomly several values for the parameter of exponential
distribution6=0.5,1, 2, 4.

3.We used randomly three values for the parameter of the Levy distribution
(b3=0.5, 1, 2) as prior distribution for6.

4.We used randomly three values for the parameter of the Gumbel type-II
distribution (b=2, 3,5) as prior distribution for.

10, 25, 50 and 100 to represent small,
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5.We used randomly three values for the parameter of the Inverse Chi-square
distribution (v=2, 4, 6) as prior distribution for6.

6. We used randomly two values for the parameters of the Inverted Gamma
distribution (o= 2,3 &p =0.5, 1) as prior distribution for6.

7.We used randomly three values for the parameters of the Improper
distribution (a=1, 2, 3 & b=1, 2, 3) as prior distribution for6.

8. We used randomly three values for the function of the non-informative prior
distributionc =1, 2, 3.

9. The number of replication used was (r =1000) for each sample size (n).

10. We obtained estimators for scale parameter from equations (4), (8) and also

the estimators in table -3, it means the estimators (0se)under the squared error
loss function with six different priors .And the estimators in table -4, it means the

estimators (Bwse)under the weighted squared error loss function with different
Six priors.

The simulation program was written by using MATLAB-R2008a program. After
the parameter 6 was estimated, Mean Square Errors (MSE) and Mean
weighted squared Errors (MWSE) were calculated to compare the methods of
estimation, where:

1 5
. MSE:FZ}OZO‘l) 0 (- 0)3 ..(14)

. MWSE=%Z}0:08 [( 0 (N- 06)%/ 0] ..(15)

See appendix-D, for the programs algorithm. The results of the simulation
study are summarized and tabulated in tables (4.1-4.4).In each row of tables (4.1-

4.4) ,we have four estimated values for 6 (6) with MSE for all samples sizes
(n) and values ( bz, b v a,B, a, b, c) respectively. Also the results of the
simulation study are summarized and tabulated in tables (4.5-4.8).In each row of

tables (4.5-4.8) ,we have four estimated values for 6 (6) with MWSE for all
samples sizes (n) and values (bs,bv a,B, a, b, c,) respectively. By using different
estimation methods that is maximum likelihood estimator and the moment
estimator .And the Bayes estimators in six types of prior distribution .So our
criteria is the best method that gives the smallest value of ( MSE ) and ( MWSE ).
We list the results in the following tables (4.1 -4.8).
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In general, as we see in the tables (4.1-4.8) by using different estimation
methods, we find the Mean Square Errors (MSE) and Mean weighted squared
Errors (MWSE) were decreased when sample size increased in all cases .And we
obtained the same results for MSE& MWSE by using maximum likelihood
estimation (MLE) and the moment estimation(ME) for all sample sizes (n),
because they have the same formula see formula from equations (4), (8).

we see in the tables (4.1-4.4) that we obtained un appropriate estimated

values for6 (0) , when the prior distribution for 6 is levy distribution, for all
assuming values for bz& for the true values for6 =0.5,1,2,4, and for all samples

sizes (n) comparative to the estimated values by using MLE and ME, according
to the smallest values of MSE for all samples sizes (n).

So we obtained over estimated values for6 (0) , when the prior
distribution for 6 is Gumbel type-11 distribution, for all assuming values for b
and6=0.5,1,2,4, and for all samples sizes (n) comparative to the estimated
values by using MLE and ME, according to the smallest values of MSE for all
samples sizes (n).

In table (4.1), when the true value of 6(6=0.5) in general , we obtained a good
estimation according to the smallest values of MSE for all samples sizes (n)
comparative to the estimated values by using MLE and ME .we listed them when
the prior distribution for 6 are

Inverse Chi-square distribution with v=6.

Inverted Gamma distribution with (a = 3,3 =1).

Improper distribution with (a=3, b=1).

e Non-informative distribution with c=3.

In table (4.2), when the true value of 6 (6 =1) in general , we obtained a good
estimation according to the smallest values of MSE for all samples sizes (n)
,comparative to the estimated values by using MLE and ME .we listed them
when the prior distribution for 6 are
e Inverse Chi-square distribution with v=4&6.

e Inverted Gamma distribution with (a.=3,p =1).

e Improper distribution with (a=3, b=2).

¢ Non-informative distribution with c¢=3.

In tables (4.3) & (4.4), when the true value of 0(0=2) & (6=4) in general , we
obtained a good estimation according to the smallest values of MSE for all
samples sizes (n), comparative to the estimated values by using MLE and ME .we
listed them when the prior distribution for 6 are

¢ Inverse Chi-square distribution with v=4.

e Inverted Gamma distribution with (a=2,3 =1).

e Improper distribution with (a=b=3).

¢ Non-informative distribution with c=3.See tables (4.1-4.4) .
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Table 4.1: Shows the values for 6 under

Table 4.2:

6 under square error loss function (MSE).

Shows the values for

square error loss function (MSE).

Vil | PrTAREES Estimate for § (9) MSE — Eximaefo (1) \SE
’ Sample Sizefn) Sammple Sizefn) Method Sample Sizef) Sample Sizel)
b5 3 W0 59 b W[ s [ 9 [m w5 % [ m
ME |03 14018 | 03030 | 0007 | 0001 00103 | 0001 ME |1 L0073 | L0074 09950 09984 02019 | 00400 | 00307 | 00100
ME [0 -] - (04018 000 0017 |05001 00103 | 0052 1] L0073 [ 10074 109950 09984 T0019 [o0400 [ 09207 00100
Bayes by | - | Levydisributon (P( %)) Baves | § | b Levy distribution (,(6'%) )
03 05| - [A168 11926 25318 | 50258 15845 | 61056 E 1042 | 25438 50003 |1000 | O7IID [62008 | MERD | 99203
l I8 13076 | 25583 | 50308 18437 | 6410 1 10573 | 25685 | 50053 [10035 | 10184 | 63436 | 14777 90701
! 59188 | 13476 | 26088 | SL003 1174 | 66737 1 11073 | 26185 | 50753 (10085 | 11166 |6%0.29 | 25372 10070
Baves b Guubeltype I distribution (F. (8 \x) ) Baves |8 | b Gunbel trpe I disteibution (. (8 %) )
W 04918 | 05830 | 08417 03301 001771 00069 1|12 12073 [ 10874 L0381 [LOIGS | 01448 |0.0476 |0.219 | 00104
] 0.J018 | 06230 | 03617 | 05300 00284 | 0.0089 k] L3073 | LI | 10331 | L0285 |0.096% |0.0%2 [00237 | 00108
§ 09018 | 0.7030 0607 | 0550 00515 | 0015 5 L5073 | L2074 | 10931 | L0485 | 03581 |0.0830 [0027 | 0014
Bayes v | - | Tverse Chi-square distribusion (P, (8 3) Baves | § | v Tnverse Chi-square distribution (P.(8'3) )
051 054183 | 05230 | 03117 | 05051 00108 | 00053 1|1 L0373 | 10274 | 10031 | 10035 |0.051 |0.0407 [00207 | 0.0100
| 040157 | 05020 | 0.3016 | 05000 00095 | 00049 { 09617 | 09878 | 09853 09035 |0.0857 |0.0370 [00201 | 0.0009
§ 045150 | 0.7030 | 04919 | 04851 00515 | 00048 § 08311 09512 09664 09837 |0.0848 | 00366 | 00202 | 00099
Baves I Tnverted Gamma distribution (P,(8 %) ) Baves | B | Tnverted Gamma distribution (P.(8'5) )
05 | 1 |05 04936 | 05020 |0A0l6 | 03001 00095 | 00049 1|2 |05 [0613 [09878 | 09853 [08935 |0.0857 00371 | 0.0301 | 0.0089
] 05380 05100 0314 | 05050 0.0099 | 0.0051 1 10067 | 10071 | 09951 |00984 | 00842 | 00370 | 00199 |0.009%
3105 (04815 | 04843 104019 | 04951 0.0091 | 0.004§ 305 08811 |08511 | 09664 | 09537 00845 | 00366 |0.0202 |0.0009
JU1 (04032 [ 05028 04016 | 05001 0.0088 | 0.0047 301 00207 (09698 | 08760 | 09886 00767 | 00351 | 0.0197 |0.0087
Baves 1| b | Improperdistribution (P.(8)%)) Baves | B | a | b |Improperdistribution (R.(6'1))
081 1] 1 [04018 045430 03117 [0510 00121 | 00056 1 [ 1|1 [LI073 [L0474 (L0181 [1.008% [0J134 00421 | 0.0200 | 00101
1|2 (04471 | 05830 | 05417 [05201 00172 | 00069 12 (L2073 10874 | 10351 | 10185 01448 |0.0476 | 0.0219 | 00104
L1y 10708 Tosao 105617 (0500 00354 | 00080 1|3 (13073 (11074 10331 | L0285 |0.19%63 |0.0561 | 0.0137 | 0.0108
101 [0a80 10822 10314 105080 00000 | 00047 101 LO0GT [ 10071 [ 08951 | 09984 00842 |0.0370 | 00199 | 0.0098
31 106380 (04606 0114 {08140 TRITE 11 J1007 (L0456 10148 | 10084 | 0.0937 |0.0300 | 00301 | 0.0009
1LY 10798 05901 |04506 | 08248 00093 | 0007 1|3 JLISSE 1084 (L0344 L0183 (01197 00440 {00211 |0100
T1 0403 | 05018 | 03016 | 03001 00088 | 0.0048 J 11 (08227 108698 | 09760 (09336 | 0.0767 |0.0352 | 0.0097 | 0.0097
111 TosTs Tos300 028 | 08001 TR 313 [1o06l | 10088 | 09953 | 09084 00707 | 00343 | 00191 | 0.0096
113 [06599 [ 03760 103401 | 05000 00T | 0006 313 (L0894 [104390 10145 |1.0083 | 00787 |0.0362 00193 | 0.0097
Baves ¢ | - | Non-informative istribution (P.(B1x Bavs | f | ¢ Now-informative isrbuion_(P.(8 1) |
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

Table4.3: Shows the values for 6 under Table 4.4: Shows the values for 6 under
square
square error loss function (MSE). error loss function (MSE).
Vg | PR Esﬁmalefurle[ﬁ} MSEI Vel | PR Estmate for § (£) WiE
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

In table (4.5), we obtained over estimated values for6 (6) , when the prior
distribution for 6 is Gumbel type-I1 distribution, for all assuming values for b,
when the true value of 6(6=0.5) , and for all samples sizes (n) comparative to
the estimated values by using MLE and ME according to the smallest values of
MWSE for all samples sizes (n).

But in general , we obtained a good estimation according to the smallest values
of MWSE for all samples sizes (n) comparative to the estimated values by using
MLE and ME .we listed them when the prior distribution for 6 are

e Levy distribution with b3=0.5.

o Inverse Chi-square distribution with v=4.

¢ Inverted Gamma distribution with (o =3,p =1).

e Improper distribution with (a=3, b=1).

e Non-informative distribution with c=2.

In table (4.6), when the true value of 6 (6 =1) in general , we obtained a good
estimation according to the smallest values of MWSE for all samples sizes (n)
comparative to the estimated values by using MLE and ME .we listed them when
the prior distribution for 6 are
Levy distribution with bz=1.

Gumbel type-I1 distribution with b=2,

Inverse Chi-square distribution with v=4.

Inverted Gamma distribution with (o= 2,5 =1).

Improper distribution with (a=b=3).

Non-informative distribution with c=2.

In table (4.7), when the true value of 6(6=2) in general , we obtained a good
estimation according to the smallest values of MWSE for all samples sizes (n)
,comparative to the estimated values by using MLE and ME .we listed them
when the prior distribution for 6 are

e Levy distribution with b3=2.

o Gumbel type-I1 distribution with b=2.

¢ Inverse Chi-square distribution with v=2.

e Inverted Gamma distribution with (a2 =2,3 =1).

Improper distribution with (a=2, b=3).

Non-informative distribution with c=2.
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

In table (4.8), when the true value of 6(6=4) in general , we obtained a good
estimation according to the smallest values of MWSE for all samples sizes (n)
,comparative to the estimated values by using MLE and ME .we listed them
when the prior distribution for 6 are

e Levy distribution with bs=2.

Gumbel type-I1 distribution with b=3.

Inverse Chi-square distribution with v=2.

Inverted Gamma distribution with (o =2, =1).

Improper distribution with (a=1, b=3).

e Non-informative distribution with c=2.

15 Tyl a9 Ao aliaZa a glall Alsee
2017 owd (23) el (99) adadl



Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

Table 4.5: Shows the values for 0 under weighted

weighted
square error loss function (MWSE).

A

square error loss function (MWSE).

Table 4.6: Shows the values for 0 under

N

Jarameters Estimate for § (8) AIVSE Vel | PETAREETS Estimate for § (9) MIVSE
etod Sample Sizeln) Sample Sizefn) e Sample Sizefn) Sample Sizen)
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

N A

Table4.7: Shows the values for 0 under weighted Table4.8: Shows the values for 6 under
weighted
square error loss function (MWSE). square error loss function (MWSE).
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

4.1 Conclusion

When we compared the estimated values for 6 (6) for the scale parameter of
the Exponential distribution by using the methods in this study .We find that
Mean Square Errors (MSE) and Mean weighted squared Errors (MWSE) were
decreased when sample size increased in all cases. And the MSE increased in all
samples sizes (n) when the true value of 6 increased the same thing for MWSE.
The best method is the bayes estimation according to the smallest values of MSE
for all sample sizes (n) when the prior distribution is

e Inverted Gamma distribution with (a=3,=1), when the true value of
0(6=0.5) see table (4.1).

e Improper distribution with (a=3, b=2), when the true value of 6(6=1) see
table (4.2).

e Improper distribution with (a=b=3), when the true value of 6 (6 =2) see table
(4.3).

e Improper distribution with (a=b=3), when the true value of 6 (6 =4) see table
(4.4).

The best method is the bayes estimation according to the smallest values of
MWSE for all samples sizes (n) when the prior distribution is

e Inverted Gamma distribution with (a=3,=1), & Improper distribution
with (a=3, b=1), when the true value of 6 (6 =0.5) see table (4.5).

e Improper distribution with (a=b=3), when the true value of 0 (6 =1) see table
(4.6).

e Improper distribution with (a=2, b=3), when the true value of 6(6=2) see
table (4.7).

e Gumbel type-ll distribution with b=2 & Improper distribution with (a=1,
b=3), when the true value of 6 (6 =4) see table (4.8).

4.2 Recommendations

we recommend to use the bayes estimation, to estimate scale parameter of the
Exponential distribution when the prior distributions are improper distribution
and Inverted Gamma distribution and Gumbel type-1l distribution with the
values of the parameters mentioned in our conclusions.

18 Tyl a9 Ao aliaZa a glall Alsee
2017 owd (23) el (99) adadl



Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

References:

1. Abu-Taleb, A.A., Smadi, M.M. and Alawneh, J.A., (2007), ' Bayes Estimation
of the Life time Parameters for the exponential distribution’. Math and Statist,
3(3), 106-108.

2. Al _Kutubi, H.S. (2005), 'On Comparison estimation procedures for
parameter and survival function exponential distribution using simulation. Ph.
D. Thesis, college of Ibn-Al-Hatham, Baghdad University, Irag.

3. Al_Kutubi, H.S. and Ibrahim, N.A., (2009)," Bayes Estimation for exponential
distribution with extension of Jeffery Prior Information’, Malaysian Journal of
Mathematical Sciences 3(2):297-313.

4. Al_Kutubi, H.S. and Ibrahim, N.A., (2009), 'On the Estimation of Survival
Function and Parameter Exponential Life Time Distribution’, Journal of
Mathematics and Statistics 5 (2):130-135, ISSN 1549-3644.

5. Ali, M.M., Woo, J. and Nadarajah, S. (2005). Bayes estimators of the
exponential distribution. J. Statist. Manag. Syst, 8(1), 53-58.

6. Bickel, P.J. & Doksum, K. A., (1977), "* Mathematical Statistics: Basic Ideas
and Selected Topics "', Holden- Day, Inc., San Francisco.

7. Elfessi, A. and Reineke, D.M. (2001)," Bayesian look at classical estimation:
the exponential distribution’, Jour.of stat. Education, 9(1). www. amstat. org/
publications/jse/jse_2001/v9n1/ elfessi.html.

8. Krishnamoorthy, K. (2006), '*Handbook of statistical distributions with
applications'; Chapman and Hall/ CRC.

9. Ross, M. Sh. (2009)," Introduction to probability and statistics for engineers
and scientists ™, 3rd Ed. Academic Press.

10. Rossman, A. J., Short, T. H. and Parks, M. T. (1998), ""Bayes Estimators for
the Continuous Uniform Distribution,™ Journal of Statistics Education, [Online],
6(3). http://www.amstat.org/publications/jse/vén3/rossman.html).

11. Tahir, M. and Aslam, M., (2010), ' Bayesian and classical analysis of time —
to failure model with comparison of uninformative priors *. Pak. J. Statist. VVol.
26(2), 407-415.

12. The Gumbel type-11 distribution. (2013). Available at: From Wikipedia, the
free encyclopedia. This page was last modified on 10 December 2013,
http://en.wikipedia.org/wiki.

13. The inverse gamma distribution. (2015). Available at: From Wikipedia, the
free encyclopedia. This page was last modified on 30 October 2015,
http://en.wikipedia.org/wiki.

14. The inverse-chi-squared distribution. (2013). Available at: From Wikipedia,
the free encyclopedia. This page was last modified on 19 April 2014,
http://en.wikipedia.org/wiki.

15. Yang, L. and Zhou, H. and Yuan, S. (2013), ' Bayes Estimation of Parameter
of Exponential Distribution under a Bounded Loss Function®. Research Journal
of Mathematics and Statistics 5(4): 28-31, ISSN: 2042-2024, e-ISSN: 2040-7505.

19 Tyl a9 Ao aliaZa a glall Alsee
2017 owd (23) el (99) adadl


http://www.amstat.org/publications/jse/v6n3/rossman.html
http://www.amstat.org/publications/jse/v6n3/rossman.html
http://www.amstat.org/publications/jse/v6n3/rossman.html
http://en.wikipedia.org/wiki
http://en.wikipedia.org/wiki
http://en.wikipedia.org/wiki

Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

Appendix-A: The posterior distribution using different Priors

1. The posterior distribution using Levy distribution 84 prior:
It iz assumed that & follows the Lavy distibution with pdf = given below

Fb)a ?91 ﬂp{-?—é} Bbr b, 00 LAALY
In 2
Whara b, =hypemparameter
Then the posterior distribution of ziven the dats x=(n, x.,..., %, Jis:
pg'x. 38 BB JAD)
[ Lix'6) Baye
L]
Substituting tha squation (2) and the aguation {A.1 ) in aguation (A2 ), we g2t
i -
R L T - N
8§ anpl- ‘u[1—JE* ax-1—Jj-]
Ix 2
B{8\x)= . L (AT
@ an %
&gl Ny== 8 4 opl=) 168
) 8 a a
. 3
ST B
g ﬂ]:{-g{gl.-] xi._T'”
B{B'x)= - (A
3
- P
8 lupil® oxo+ D
0 gi=17i’
.ﬂ_:- .[fﬂ__]-_]'
Wacmwite 8 ‘a6 &, and by multiplying the intesrs] in equation {A.4 )by
tha quantity which squal: to
1
b, @+-)
(28 me2y 1 Tia+2)
“i-l7 1 . 7 W .
( ; 3 ), whara [ )iza pamma fimction
Tie+) . s
s
Then we gat
p (45 el
{E{‘_lxi_T‘:' <8 - g‘]:('_n&g-] I+
B{&'x)- - i - A5
I‘{r—;‘- Al )

Where A(xf) aqual: to

b, B 5 by
@ (E{'_]x-l'T.' - 6 - aﬁ]:':'-.x-,_]"’- =
Alw: 8- | 48 =1 Bz the imtezal
1,
] Tin+2)
2
of the pdf of the Inverted Gamma distribution. Then we gat the posterior distribution of @ given the
data X= (%R, X ) B8
i ]
b, e
ER x+=) T gl
YOI P et B R S Ly FEU + 2y (A8)
Tin+2y ] 1
It mans that B{f " x)~Invarted Gamma distribution with W

1 N b,
pammaters( Gee = (0% < ). =(E1, x +20)).

1. The posterior distribution nsing Gumbel trpeI] disiribution 83 prior:
It iz asumed that & follows the Gumbsl typell distribution with pdf = givem

below:D{Bja 2b 8 >0 ap-:-a—E:- B ab, B30 AT
If =1 then we gat
Beja be” axp{-%} B¢ 5830 AR

Then the posterior distribution of given the dats x=(x,xX.,...X. ) according to the aquation

{A.2), w= g2t it by substituting the sguation (1) and the aguation (A.E) in aquation {A.2), 20 we have

T x.
-n t=11 ) b
& anpl- Mo &7 expl- E.']
B(8'%)- e {AD)
n
L. Lia ¥y B B
e g [ &2 mpl-—)]e
0 8 §
o8- axp:-%(g{-_] %, +b)
B(8'5) = — A1)
Pet gy len o Lmes
o [} i=17

Wacan wiite 8277 & 870 D* 0 g by multiplving the integrsl in equation {A.10) by the
quantity which aquals to
cpyi®el

34

i
EZi1 %

Tin +1)

Tin+1)

i "
Eia1 50

PP 3 ,whes [.)iz 2 gamma fimction .Than wa

S P s A )
@f, w0 h gl S oo % <)

B(8'x)= (ALl

Tin+1) Bixg)
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

Whara B{xF) aqual: to

A {a+l) p-[a+l+1) .
- {g{_lx +b)" L] ax]:{ Tr xi-b,l,l
Bin )= | 08 = 1.Ba the intagral of the
0 Tin+1)
pdf of the Inverad Gamma distribution. Then we got the posterior distribution of @ given the data
B, %, R ) s
Jasl) geflasD=1] "
gl x+nE Y ole p-:--H_ 1%, +0)
B8 '\x) = (ALY
: Tin+1)
It maan: that B 6" x)~ Invertad Gamma distribution with e

paramate | Qe = (0 + 1), fren= (L, %0+ ).

3. The posterior distribution nsing Inverse Chi-sguare distribution as prior

Itiz azsumad that & follows tha Inverss Chi-squars distribution with pdf as ziven balow:
1
B(gjo — 8-

bE

ax]:{-%) Br o v, 830 A1)

Than the posterior distribution of given the data x=(x X,,...,X, } according to the agration
{A.2), we ggt it by substituting the squation (2) and the ac_Lahm'. {A.13) in aguation (A1), =0 w2
have

=1 ¥
n Siar®i o -3-1
8% gl =8 !  =x-o)]
] ] “
(8%~ 2 L {AlD)
I
= Lia1 % -—-1
8" ampi- [ — 8 2 axp{-—)]d8
0 ] 5 .
1
e+l I E TP
(8 %= 2 S(ALD)
s Dyel] HEP %, +D)
@ -[n+=+ Lian ?
] 8 b3 a8
By multiplying the integrs in squation {A.15) by the quantity which aqual: to
@ %42 T Tin +=)
1 ), where T )}isagemma fimction . Then wa
Tin+=) ] -3
te I:EL- i 7
£,
1 g cle-P=l 1
n +oy I ok +=0
{Ei.-lx P(E.El-] i3
B(8'x)- L {Al8)
Tin+=) Cix8)

Whare C(x:6) aqual: to

h 1
fie= =)+

B &

—

1 L

o Cl %ty
Clxi)-
0 Tin+ )

of the pdf of the Invertad Gemma distribution. Then we gt the postarior distribution of & given the

o TP, 3 -0

?

df=1. Bz the interrsl

L_ll-."

data x=(% X.,...%, ) iz
1 ¥
b X. +-) | .
=17 1] _ _
BE. —m LT e T gl 5 o (A1)
o) [ 1
I  mem: the B(6'x))~Inveted Cemma  distribution  with mew

¥ . 1
paametes{ oen = (5 + =)o = (2, 3.+ 9)

4. Theposterior distribution wiing Inverted Gamma disiribution as prior:
Ttisassumad that & follows the Inverted Gamma distribution with pdf s given below:

0 .
He)a lE—a'(“‘l»' ax]:(-—ﬁ) Br wp, 630 (A1
13

Then tha postatior u:.mbma: of given the dats x=(x,x.,...,X; ) according to the aquation
{A.2), we gat it by substifuting the squation (2) and the sguation (A.1E) in sguation (A.2), z0 we
bava

Th ]
Tia ]
o LD g by
(8- g (A1)
@ -;:I'. 1 E
R . .[ﬁa({‘ n ax]:{ﬁ]aﬁ
0 ]
9[{1' +@)+1] g {“l ]x B
BB\ (A2D)
Toleeoel g TR
0
By multiplying the intagral in equation {A.20) by the quantity which sgquals to
ot xepE
(Zf_ % +B Tlosa) . .
{ ] ——) ,whee [(}isa gsmma fimction . Then we gat,
Tin+d) {TT' x. —ﬁu‘:"h
Zio1 )
] ) +1)
afyn - p e g lr 5 op
B8 %)~ (A2l

Tin+a) Dix; 8)
Whars D(xg) =quls to
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Parameter of Exponential Distribution

. (E{'_] "'l _El:l{f.—ﬂ:l v e+ +1] ﬂl:(—%(E{‘_] xi +F

Dix.8) = |
0 Tin+a)

of the pdf of the Inverted Gamma distribution. Them we gat the postarior distribution of 6 ziven the
data x=(%, X, . Ky ) 2

(Hl - -p-r"x'a[':" +o) +1] gl (Hl . )

d8 =1. Bz the intagrsl

B8 %)~ - (A22)

Tin+a)
It mam:  that B8 x)~Invertad
pRrEmEtErs] Guen = {1+ 0, frew = (T X, +6)).

(Gamma distribution with W

& The posterior distribution wiing improper distribution as prior:
Ttiz assumed that & follows the improper distribution with péf 2= given balow:
meya gD ax]:(-—b) fr b, 830 md -miicm (AT
Then the postatier distribution of given the dats x={x,X.,...X, ) according to the aguation
{A.2), we gat it by substituting the squation (1) and the sguation (A.11) in squation {A.2), s0 we
hava

‘>" .
=1 ey B
®opt———f 6 )
B8 %)= r* LA
@ Zi. " .
Dt ape— [ @D B e
.':. 8 8
R SRRy
B(81%)- (A2
R ¢ TR TS | R N
I apl-—(FF | x. +b)MdE
0 8 i=ml ™
By multiplying the intesral in aguation (A.215) by the quantity which aquals to
':T’.-' i —b‘l':ﬂ-!':I
Ti=ln Tin+g , .
{ - 3 y ,whae ['()izazamma fimction . Then w= gat,
Tin+g) :|l' . _bla-z
L A T
B(8')- (A26)

Tin+g) Ex8
Whatz E(xf) aquals to

I Lyiia) p-[in+28)+1] Ln LB
Ef_ %08 mel o Ey 3+

w

Exf)- |
o Tin +g)

of the pdf of the Invertad Gamma distribution. Then we get the posterior distribution of § given the
dats x=0(m, %y, Ky ) B2

df=1. Be the intepm]

e D ST el
D85 - A7)
: Tin+3)
It meams  that B0 x)-Iovertad  Cemma  distibution  with  mew

paramaters G = (12 3), Brow= (Z2 %, 418)).
6. The posterior distribution wsing Non-informative diviribution as prior:
Ttizassumad that 6 follows the non-informative distribution with pdf as given balow:
Bi#) o 1 AR
&

Then the postarior distribution of given the data x=(x,X.,....X; ) according to the aquation
(A.2), we gat it by substituting the sguation (1) and the squation (A.18) in sguation {A.Z), 0 w2
vz

Br 8030

'>" };L
7 &)
L,(8'x)- . (A29)
i
= s
I8 g I &)
0 a
n+o) o lon x)
Lot E Exp: El ] an
B8 = LA

g0 gy I 5
:I 8 iml™]
Wecm vtz 6707 g §718* 5041 g by multiplying the intesral in aquation {A.30), by the
quantity which aguals to

Eh, yE=d
=1 Tin+c-1) . .
{ 3 * 3, whers [(.)isa zamma finction. Then we gat
Tin+c-1) 1 \-\:r:-]:-
i= ]
':E{'_] :r:-] g lin+c-1)+1] 3]:( Hl ]x 3

B(8'x)-
: Tl+c-1) Fixf)

Where F(xf) aquals to

i}{r.—-:-lj E'[ n+c-13+1]

L]
Fixf)=] -
0 Tin+c-1)

pdf of the Inverted Gamma distribution. Then we gat the posterior distribution of 6 given the data
=(m W ) i
1 gy pefin +c-1)+1]
i %) # - Tl

Th ox B s'f i)
i, pl 7 )

“ial i
8 = 1. Be the intagral of the

]
B(8'%)-

Tin+c-1)
It mem:  tha B9 x)~Invertad
parematens  Gpea) = {2+ C- 1), B = (27, 2;)).

(Gamma distribution
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

Appendix-B: The following is the derivation of these estimators under the squared error loss

function.

1. Thesquared ervor loss function
To obtain the Bapes' astimater, we minimize the postarior swpactad Loz ziven by:

L &, 8=(8- 8 thersk finction is:

R(;-EI'-E[L;(;:EE

{B.1}
R{;-B)- [Ly ;:a} B(8'x) d8
8
R{;-B}- j(;-a;-l D6 %) 48 =~rq;-a;-- (a l-:a;-el;- (6 x) 88
R(a-a;.-:ﬁp(a' Xdb-28[6D8" x)aﬁ—?ﬁ; e xde=
R{;-E}-é;—léf{ﬁ'x)—ﬂﬁ;'x} L {BD

a -
Lt —R(8-8)=0 ,wegst Bayes astimator of 6 denoted by 8 for the sbove prior

ah
follows
8 -E(E'x)-jﬁp(ﬁ'x)cﬁl . (B.3)

[]
L.1EBaves estimation wiing Levy distribution 8y prior
To obtain the Baye:' sstimator undar Lavy distribution 2 pries. Substituting the aquation (A.8)
in squation (B.3), we gat:

B - [BR(8 )

[]
I ]
b BT
P L S i 1\_1-
Es:"ﬁ 1-111 2 E[u‘]e 'a;_]:{-l(gj_:x—%):eﬁ L (B4
N 1"{1’.-?) & i
i L
b, 7Y
R R T B 0 [ .
Bgm ! 11 2 _p T g_;(-E(E;"_:x-T‘):ca (B
v Ta+2) 1
. N . | - i 1.
For tha squation (43), wa can writs- [{r_—;-—l_ +1= -[1'.—:—1-1_ --[(1-__?._1_
. 111
Tl'atﬁ{r.—;.-f_;_;.:__[{,-_?,_1
Ta- 3

By multiplying the intsgral in squation (B.5) by the quantity which aquals to Ala( 1 1,

L
Tin- ?

wharz [ )iz 2 gamma fimction.

Then, we hava
5. :.-—3:--]
. s Elys+=) 0 gmba
gl ————1 g LD
P Tash ‘
1
Then, we hava
1,
- T2y B
By - — (T 7+ 2) (AX58) 5
Ta+=) :
Whers  Ax(x ) aqual: to
’ ].
o, fo-
oo+ 3y 2 119
= Ei Jin-a+1] 1, b,
mpgy-| —— 2 1 L 2 8 7 ep(-_(Z5 % +—)dh-1. Bethe
JE B 1

intagral of the pdf of the Invertad Gamma distribution. Then we et the Bayes estimator of § a the
following formuls:

By ‘1 (Zh ":'T‘l:‘ M&ED >0 - B8
1"{12—:) =

1.2 Baves estimation wsing Gumbel tpell disiribution as prior:
To obtsin the Baysr' astimstor undsr the Gumbsl typell distribution a: prier distribution.
Substituting the squation {A.11) in squation (B.3), w= gat:

Bz, - [BD.(B 12 8
[)
W@l p-[fa+1)+1] 1 "

R R AL
Ba:m |8 _ 8 ~(B&)

<74 Tm-1)

W4l p-fashi+1-1) 1 o

L. ,:E:!L'._l xl_h"‘ﬂ ) gla+h .ﬂ]:(_;,:’a_] Jt’._t.'.,.
Bem | i d ~{B.10)

<74 T -]

For the aquation (B.10), we cam writz -[(n+1}+1-1]=-[n+1] And by multiplyizg the intagesl
in aquation {B.10) by the quantity which aquals toB: = ;Ei 3, whara [ )iz 2 gamma fimction.

)

Then, we have
o e e Ve )
Bz: =B _ &8 ~(BID

T Tim-D)

Then we have
B -t =n o by (BanE) B
=" Ly o BT JE)

Wharz  52(x8) aquals to
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Under Different Priors &Two Loss Functions To Compare Bayes
Estimators With Some of Classical Estimators For the

Parameter of Exponential Distribution

S B o 0"
im0 g -~ T 7, <)

B‘l{x;ﬁ)-j R 8= 1. Be tha intaprsl of the pdf of
(] o
the Inverted Gamma distribution. Then we got the Bayes estimator of & & the following formuls:
. Ty .,
a—— Tz +b) n&b:xl . (B.13)
e TR B.13)

1.3 Baves estimation using Inverse chi-sgquared distribufion as prior:

To obtain the Bayes' estimator undar inverss chi-squared distribution & prior. Substituting the
aquation {A.16) in aquation (B.3), wa gat.
:

e i
Bo:- (BR800
. S a
1. (=)
1 P s :
LG {Ei.-lxl 3’ {3k 1. .
a| 8 g (T2, %, £ )48 (B4
L Tia+) -
1
1.7
n R
e e A U T )
ES‘.-J "_‘ anp-— (T, %, + =) df ..{B.15)
P Tiee) -

For tha aquation (B.15), wa can writ2 - [{{n + ;} 1) =1]=-fln+ ;- 13+1] And by multiplying

v

v
Tin+2-1
tha intagesl in aquation {B.15) by the quantity which aquals toCla —‘:1 3, whare [ )iz a
Tin+—-1)
2
gamms fimction.
Than, we have
1, (A
1 iy
.= Bty felmn 1 1 \
L C']J v !"]:{'E{E::: R+l é .(BE.l§
P Tesd :
2

Then we have
R (RS .
B = ——— (5 %+ ) (CUxE) -~ (B.17)

Tin+=) -

2
Wherz  Co{xf) agual:s to
1, i3
1 +20 - ; -

) s e S S .

Cix;ﬁ,--] 1: g - ax]:{-g{g;'_ X —?,n;cﬂ =1, Beths intzgral
I () :

of the pdf of the Inverted Gamma distribution. Then we gat the Bayes estimator of 6 as the
following formula:

. T -;-1;- .
EE.‘ - AV {E-. i+ : :'
Mo +-) !

n&vsl . (BB

1.4 Bays estimation wsing Inverted samms distribution 83 prior:
To obtain the Bayss' astimator undar the invertad zsmma distribution a2 prior. Substituting the
equation {A.21) in squation (B.3), w= gat:

Bz, - [BP,(81x)08
a

(1+0) - [in+a) +1] 1 "
(of 5B E O agen s ep)

8= [8 _ 88 ..(B.19)
= i Tin +a)

o :!L'._ L5t E,:,{’Hx:' 3 lln+a)+1]+1 ﬂ]:{-l(E{'_] 5+ )

8= g (B0
= i Tin+a) ’

For the aquation {B.20), we can wiite -[(n+0)+ 1]+1=-[{r+ o-1)+1] And by multiplying tha

Da+e-) y, whes [ iz 2
Tin+a-1)

intezral in squation (B.20) by the quantity which aquals toDlm(
gamma fimction.
Them, wa have

2 gl eH [ e 1)) 1on S
S R 8 aplEP )5, +F)
Em-DIJ 4

(Bl
Tin+a

a
Then we have
Tin+a-1)
=" Theg
Wherz  Di(xd) aquals to

{Zh %0 +F){ Doz ) (B2

,_ P SIS LR VA R ) B
= i.-]xi, ﬁ'p & iﬁj{ ﬁlEi-']xi. ﬁu
Dz 8) -J

" Tin+a-1)
intasral of the pdf of the Inverted Gamma distribution. Than wa gat the Bayes astimator of § & the
following formula:
. Th+ae-1),_,
£, = 0 T ]
= T+q) .
L5 Baves estimafion using improper distribufion as prior:

To obtain the Bayes' sstimator under improper distribution as prier. Substituting the squation

(A.26) in squation (B.3), w= gat;

Bz, = [BR,(81%) 88
L]

df=1. Batha

20 . (B23)

1 glesd lgg %{5{-_ 3, +)
% (BM)

L5
i

o e
2]

Tin+3)
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o A Whare  Fa(x#) aquals to
=y xl_h:l.\r_—;,na-[(r_—a;—l_—lﬂ]:(_%@{._] x, +b)

Jnel) p-lin+c-1) +1] \
e \ @ (B2 L hy el =t ET-J’H»'
Tin+a) P_.{x;a:.-J - df =1 . Batha intazral of tha
For the aquation (B.25), w2 cam wiite -[(n+a)+1]+]l=-[(nra-13+1] And by multiplving o Tin+c-2)
Tin+a-1y | pifof the Inverted Gamma distribution. Then we gat the Bayes astimator of § 2 the following
tha intazral in aquation (B.25) by the quantity which aquals to El= {1_(—1 ).whee (e g
n+z-1)
a gamma fimction. EES-L TR ncx0 L (B33
Them, we hava Tin+:
(@ h." glardelll 0 ( %, +1) . o o . .
“ i ® Lial . Appendiv-C:  The following is the derivation of these estimators under the weighted squared
8 :'E]J Tod) & ~(B26}  aryor loss function.
[] o v
 Then we have 1. Theweichted squared error loss function
8- Tin+a- 1'(2 % +0)( EXx;E) ..(B.IT) To obtain the Bayes' astimator, we minimize the posterior expacted loss given by:
© Tin+d) ) -
Where Ex{cf) aquals o (BB
bere Ea(xf) equale 10 o L8, 8-t ek fonction i
L (E = spemlglasal+ll e (TE %0 . i
B 4 =1. Baths (8- 8 - .
B 'l Tin+a-1) R =)= EIL:(8.8) (+h)]
intazeal of the pdf of the Invarted Gemma distribution. Thean w2 got the Baye: estimator of 8 a2 the
following fomula: ] ] i
 Tees) {”“‘--L{HP{M-&MR{{”; ':” B(e x) 8
B, = TL % +b) nbax0 .. [B.IE
= Tn+a) - ! o (B.28) 8 8
- \I; 2 ]
1.6 Baves esfimation using_non-informative distribution as prior r(L8-8 _'w (8 'x) 48
To obtsin the Bayss' estimater undsr non infortmative distibution a= prier. Substituting the 8 8 8
acuuur. (A.31) in aquation (B.3), wa g2t . A
(8-8° 8% - e
Bss-JEP{B x)db R )= |(—-10+8)P{8 \x)db
] g B
1) o[l +c-15+1] 1 | L
oL h e glEeed T oIl 5) [ TS D SUPRUI SR
B;s-JB 4 (B19) R . J=8 'EP{E x,ueﬁ—‘ﬁi i) x,ueﬁ—i BB 6 \x)d8
Tin+c-1) ]
g @ glase+14l B s N
e G )T segTh, =) R 67 -8B (e
Bay= | _ & {B30) ] B
" Tin+c-1) 8 éu . )
For the aquation (B.30), we can wiite -[(ate-11 1]+1=-[(n+c-2)+1] mm multiplying Lat TR;({ a a0 , weget Bayas estimator of § demotad by8., for the above prior
the intezral in squation (B.30) by the quantity which aquals to Fla=(
3 zamma function. 1 .
Then, wa have - 1—'=1— - (C3)
e H] ro-D+ =\® [=men
gn Jid L gelin+e-2)+1] p-{lz.f- 1) E'(B Japqa xid8
- im got=174 . []
EES'H_I Tw=c-]) a8 - (B.31) 1.1 Eaves estimafion using Levy distribufion as prior
[) TR

To obtain the Bayss' sstimator under Lavy distribution as prior. Substituting the squation {A.6)
in the intsgral in squation (C.3 ), we gat

)52, %) (Rix8) GBI 1 G
) B x,.-.lgp:{a X 48
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1
b, =3
= {Er_ E+—=) * __rrl
Bl lLa[ il a;]:{ {v t'T..aa . (C4)
¥ Tah 2
i ].
b, [+
= ER s 0 gmeban
E(l';;.-J La'{‘ T gl x o Bee L (cy)
CR T gt Ty
1"{1'.—;}

For the aquation {C.5), w2 cam wiite

1 1 3
-lin+ ;} +1]-1=-n —;—1 +1]=-[in+ i}— 1].By multiplying the intesrsl in equation (C.5) by

Tin —i
tha quantity which aguals to Al=( i 3, whats T()iz a gamma fimction .
Tin+3)
1
Than, wa bava
{a+=141-1
H R ine3)4l
B g4 =1 12 o gl x 2w co)
Y el B 2
P
then, wa hava
. r'{,—__i‘.
B 1 Eh 1-—"{1—(55" B (e
R 2
Wharz  Ax(xd) ac_Lal:. to
b, B*5)
= (EF x4 Jin+3n)
] -l Jra il 1 _. b, .
Axx; Bj--l| ! 3 - I ax]:{-g{‘?‘;'_: % +—)8-1. Be theintepml

® ries2)

of the pdf of the Inverted Gamma distribution. Then we get the Bayes astimator of § as the
following formula:

. Tin+2)
E(_E'xj-—‘b AED S0 (5]
l._n ER
F{L_T{Ei-lxi_ 3 }

Substituting the aguation {C.&) in squation (C.3), we gat:

b,
. 1"{1'——-{‘?‘ x—T“-
-—‘ &b, >0 LT
1“{1'.—?)

wEl

1.2 Baves estimation wying Gumbel trpell distribution a3 prior:
To obtsin the Bayes' sstimator undar the Gumbal typall distribution a= prior. Substituting the
aquation {4 12) in the inteersl in squation (C.3 ), we gat:

1, %l
=\x) = |=R{8\x)d8
E{a Y 3|ﬁ (8]

@+l p-fash+1] - )
N R 8 ax]:{ 2.y %, +b)
Bz 0= [ 48 (.10
B a8 Tin+1)
(ely#l-1 p-[fslsly+l], o 1 N
L Ry gl )
E{—'x}-J a8 L(CID
ERA T+l
For the equation {C.11} we cm wrte-[(n+]l+101]=-[(+ 21+ ]]. And by multiplving the
integral in aguation (C.11) by the quamtity which aguals to Ei- (I"Er : ), whars T( )iz 2
f—‘l
Famma fimction.
Then, we have
' c(g{-_lx-b.f'- b grliss 2] ax]:{ SRR
=)= Bef do ~(C1Y
By -8 Tn+1) (e
Then we havs
+2
E{l';:. _ Twd { B ) BRE)

8 Dn+IXzh 1%, +)
Where 53(xf) aquals to
L el 50 e g s

%8 - [
Bt l Tn+1)
pif of the Invertad Gamma distribution. Then we get the Baye: estimator of § a= the following
formula:

+2

e P i BT AN AL

8 Mn+1EP, % +1)

Substituting the equation (C. 14) in equation (C.3), we gat:

d8=1. B the intagral of the

nfbsl CAL))

1.3 Baves estimation wsing Inverse chi-squared distribufion a8y prior:
To obtsin the Bape: ' astimater under inverss chi-squarad distribution == prier. Substituting the
aquation (A 16) in the intezral in aquation (C.3), we gat:

1, 5.,
- X = |=B(8"x)d8
E{E y 3|E L(8%)

;g 1"1'%'{?::' s 1
E{E Rafo — = ‘: S ﬂ]:':'—EE:- i —;})dﬁ' - (C16)
! S 7
by
1, (=3
< (E oxso) e Tl
gl —=t P T T e e e
B H T ¥ L] 1
N+
-
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¥ ¥
For the aguation (C.17), we can write - [{{n + ?} +li-l=in+ o+ 1)+1] And by multiplying

v
Tins 241
thaintegra in aquation (C.17) by the quantity which aguals toCla —: y,whare T(iza
Tin+=+1)
1
gamma fimction.
Tham, we hava
. 2 1. -:rr-]] -
E(l'x:..mj D gleT gt .;s; 1+ ‘u‘ucﬁ L)
[} v
: Tin+ o)
1
Then we have
. r(r.-%-l.
G- (0 . (C19)
Tos Xl %+
Wear  Co(xf) aquals to
1)
i Loy i .
on E ) el 11,
E_(x:ﬁ,--J [ apl-—(F', %, +=)) 4§ =1. Baths
v Ty
P Tmecsl)

intazeal of the pdf of the Invertad Gamma distribution. Then we gat the Bayss sstimator of § & the
following formula

. Tlas Z+1)
E(—':.)-—‘ n,vx0 L (C0)
T+ _L i-1®
Substituting the aquation (.20 j1: aquation {C.3 ), we g2t
K Tln+- -{‘F‘ I+ é
[:I— = 0, v>0 ..C2

Tia+-+1)

i

1.4 Baves estimation using Inverted samma distribution a3 prior:
To obtsin the Bayss' astimator undar the invertsd zamma distribution & prior. Substituting the
aquation {A.21) in the intazral in squation (C.3), we g2t

)
—\Xim =P (8\x)d8
B[00

AL RN

E(_E' x'I-JE Cln+ o) € -
R LA L)

H_ﬁl M-J Ty (€19

For the aquatien {C.23), we can writa -[(n+o)+ 1]-1=-[{n+a+1}+1] And by multiplying the

intarral in aquation {C.23) by the quantity which aquals Di= {r{—ﬂlll ¥, wher IV )iz a
o+ +1Y
gammsa fimction.
Then, we hava
L P = ﬁ.."‘“”“ﬁ'['[’ e+l gy {Hl L%, +BD .
—x=In 48 ... (C.2
E{E ’ :,I Tin+ o) (e
Then we have
gliga_ T®*eD pgy (€5
el .
r{f-‘ﬂ."[si__l "i‘ﬁ,'
Whars D) aqual: to
H) Ii+1] "
Lz x el e Dol gt k)
Dix8)- | d6-1. Batha
) :,I Tin+a+1)

integesl of the pdf of the Inwvertad Gamma distribution. Then we get the Bayes sstimator of § a the
following fomula:

glig._ fEresl) nf 0 (€26
Iy n "
r{f-'ﬂ."[si__l iy +)
Substituting the squation {C.24) in squation {C.3), w= gat:
- Tin+ T, & +0
Bome = b L nfas0 . {CID

Fin+a+1)
L% Baves esimation wsing improper distribution 83 prior:

To obtain the Bayes' estimator undar improper distribution as prior . Substituting the squation
(A.26) in the intsgral in squation {C.3), we gat:

1 rl )
=K =B (8 x)d8
(9= [5

R R L LA IR
== 48 A C2
E{ -I Tin+3) ¢
a L gl +l-1, 1oy i
1 P EZi_ % 70 8 anpl 9(31_]5-1 )
B 0= @8 ..(CI)
L] H Tin+4g)
For the aquation {C.28), we can writs -[(n+a)+1]-1=-[(n+a+1)}+1] And by multiplying the
intezral in squation (C.29) by the quantity which squals 1o EJ-(_;E""'":;' y, whare T{Jiz 2
n+a+l)
gammsa fimction.
Than, we hava
(n+gl o -[in + 2+ 10+ 1] -
laig B EN PN 9 Y anpl- {g P58 .
%) =El a8 ... (C.30)
E{E -I Tin+3) 3
Than wa havs
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E(g %)= Tin+a+1) [ mxxep . (C31)

Tin+E]_; =; +8)

Wharze Ex(x#f) aguals to
= Zf, =+ pier=lglinra-Doll
;) -
Exx; &) 3' Tin +a+1)
intagral of the pdf of the Inverted Gamma diztribution. Then wea got the Baye: sstimator of & as tha

following foemula:
1 Iin+a+1)

E{—mi-
o Eel o
Tin+ EP_| x; +B)

-% ’!L'-_] =, + b))
df =1. Ez ths

nb.as0 e (33

.

[:]

Substituting the sguation {C.32) in sguation {C.37), wa zZat:
- I'in + a5, ®n, +b)
Bz = L nb.a>0 .. {C.33)
Tin+a+1)
16 Eaves esfimation nsing mon-informative distribution 8% prioe:
To obtzsin the Bayas' astimates undst mon infortmative distribution as prior . Suvhetitotineg tha
sgueation (A 32) in the intsersl in sguation (.37, wa Zat:

1 31
—m) == B8 xae
Eig :lE‘ L8]

o (m+e-1y B-[{:I'_ +o-1p+1]

1
n _ZEn )
1., 31 -1 ®y =PIy Ty aan
E{— x"'__l_ — o 54y
8 18 Tin+c-1)
T e I L
E(=w-] — 48 e {C.35)
8 : Tin+c-1)

For the aguation {C.35), we can write -[{n+c-13+1]-1=-[{o+ec)+1] And by multiplying tha
Ie+a , whera I'( )iz a

intesral in sgustiom {C.35) by the guantity which sgusl: to Fl={

i +c)
Then, wea have
. . {Eji-—] x L:I-{n—-:-ljhl-l g lim +c-2) +1] ﬂi{_éz{-—] x i:'
E{E'x}-P]j Tae D [it] L {C36)
a = - -
Then we havsa
E{Tlg.' w0 - [n-a (Fxix;8) €37y

Tin+c-10E0y %, )
Whara F3{x#f) aguals to

{E"— xi:l.:j‘_—::l B‘[{f——-:,l—]._ g;]:{_%‘?f- %

= i=1 ik S B
Fux;8) = _| ~ df = 1 . Baths intagral of the pdf
3 T+ o)
ofthe Invarted Gamma distribotion. Then we get the Baye: estimator of & a= the followine
formula:
Elix- Tin+a om0 . (T3

Tin+c-1MET_ L

Substituting the aguation {C.38) in eguation {C.3), we gat:

- I'n+c-13{F2, =)
[ —— % nc>0 LT3
1+
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Appendix-D: The following is the
scale parameter

Algorithm (1): To compute MLE for scale

parameter (9 ) with MSE and MWSE.

Given value for the parameter 8 and sample size=n_ and the
number of replication {r=100{) for each sample size (m).

!

Fori=lwor

!

Cenerated data from Exponential divtribution uwsing Matlab |

Compute {8z () using formula (4), also compute MEE(Hi) wsing

formmla (14), and compute AW3E (i) using fornmla (15) for =1.

¥ Yes

Compute the mean for {8.0: (D)) for all =100, alvo
compute the mean for MsE(B(0) for all =1000, and

compute the mean for MWsE{HD) for all =1000.

Stop

programs algorithm.

Algorithm (2): To compute MM for

N

(0 ) with MSE and MWSE.

Given wvalue for the parameter & and sample size=n, and the
number of replication (r=100) for each sample size (m).

!

4b| Fori=ltor |

!

| Cenerated data from Fxponential distribution using Maflab |

Compute {8, (i)) using fornmla (3), alvo compute MEE(H0) using

formula (14), and compute MWSE(Hi)) using formmla (15) for =1

¥ Yes

Compute the mean for (8., (i) for all =10, alvo
compute the mean for ME(B(0) forall =1000, and

compute the mean for AOWsE(H(D) for all =1000.
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A

Algorithm (3): To compute Bayes estimators (0sg1 ) using

n

Algorithm (4): To compute Bayes estimators

(Owse1 ) using

Levy distribution as prior distribution for 0 with MSE.

Levy distribution as prior distribution for 0 with

MWSE.

Civen walues for the parameter § and sample size = m,
and by is the parameter for Levy distribution and the
numberof replication (r=1MM) for each sample size {m).

Fiven values for the parameter § and sample size = n,
and b3 is the parameter for Levy disfribution and the
mumber of replication (r=1HHY) for each sample size (m).

l

'—'I Fori=l tor

!

Cenerated data from Exponential distribw o
using hMatdab

Compute @m=ui)nmsing formmla im table (3}, also

compuie MIE{S=i)) niying formmula (14) for r=1.

i + ey

Compute the mean for 8==i) for all r=11MH},

alvo compute the mean for MMIE{8=:i)) for
all r=11HM}.

Note (1): we can reformulate the Algorithm (3) to compute

Algorithm (4) to

Bayes estimators Osex ,K = 2,3,4,5,6 under using other

Owsex, K =2,3,4,5,6 under using

distributions as prior distribution for 0 with MSE
for 6 with MWSE.

l

4’| For i=l fo r

!

Genernted data from Exponential distribution
using hatlab

Compute Swmiijnsing formmla im table (4), alie

compute AMWSE{&u=i(i)) nsing formmla {15) for r=1.

¥ Yoy

Compute the mean for 8w i) for all r=110H,

also compuie the mean for AWSE{&=(i)) for
all r=11HH.

Note (2): We can reformulate the

compute Bayes estimators

other distributions as prior distribution
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QR At S O y s ()l Al 8yl (Al ag gl J1ga Jleasd
¥ 23 950 nadal nnsos U1 Sl y G
3l 7 o) s et Sl 7 uall 3ol pulie Ol

Ao Y a8 ) a il (ubl) dalea poafil AdlA g0 b Uleaiad ¢ ) ia b
Y s bl dalaal Y 2l QS Ladie ddlita plgdl diw B m salag agal) salay
piSlall s gy LalS (usSaa g5y 1S @asm ugSae s AU £ ol (e dalS st (Levy)
A2 g Ay Al B lwddl Adla s & B lwdd) AN B8y Non-informative @isis (Improper)
dalnal CNA Bas (ylaf 8Ly ¢ a8a JS £0) AS e A BlSLaal) gl Jartisd A0 55 gad) dumas 3 B Ll
gl By (3mS « Anagia ¢ B_piua ) ciliml) cya Adlida alaa¥ g cliball a3l caleiand o) g )il
&ss bugia ¢ (MSE) sUadY) g e b gia dad JB) (il U g JuadY) 3 48 5 Gl BlSLaal) guild
oy (ME) poiad d&ihy (MLE) ale¥) ol Ak 45 aa (MWSE) 4gjgall sUadl)
alral Lina ad aic LS Guglna asi 03 Ao ol 068 Lasic Al 5 8 ¢ Alaadioal) giliill
Alanioal) ail) iy 458 MWSE J5 MSE J 4 J8Y Wy Juadf guilts Jhef ¢ Ag¥) gl
Leaic 5 ,(n) cliall agaa gty 0= 0.5 4k pial) 488l Aadll ¢ 95 Lasicc ME g MLE (s s
il b o 15Y) @igil) alaal Al b ie (Improper) adkal) s sa 01 AW &6 0o%
all c ME MLE (8 sk dbanional) agdl) (udly 45 e MWSE 3 MSE - dad J8Y 18 g Jud
. (n) sl agaa gty 9=12.4 322 gy dagay

Com Ak ¢ a gl Ak alied) GSaY) Ak ¢ ) gl /] i | il
(MWSE) 4 3} sall sUsi¥) gy 3 Jas gia « (MSE) s 2 0 Janu e
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