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Abstract

A comparison of double informative and non- informative priors assumed
for the parameter of Rayleigh distribution is considered. Three different sets of
double priors are included, for a single unknown parameter of Rayleigh
distribution. We have assumed three double priors: the square root inverted
gamma (SRIG) - the natural conjugate family of priors distribution, the square
root inverted gamma - the non-informative distribution, and the natural
conjugate family of priors - the non-informative distribution as double priors
.The data is generating form three cases from Rayleigh distribution for different
samples sizes (small, medium, and large). And Bayes estimators for the
parameter is derived under a squared error loss function and weighted squared
error loss function) in the cases of the three different sets of prior distributions
.Simulations is employed to obtain results. And determine the best estimator
according to the smallest value of mean squared error and weighted mean
squared error. We found that the best estimation for the parameter (08) for all
sample sizes (n) , when the double prior distribution for 6 is SRIG - the natural
conjugate family of priors distribution with values (a=5, b=0.5, a =8,  =0.5) and
(a=8, b=1, a=5, B=1) for the true value of 6 (6=0.5and 1) respectively .Also
,we obtained the best estimation for® when the double prior distribution for 6
is the natural conjugate family of priors-non-informative distribution with
values(a=0.5, g =5, c=1) for the true value of 6 (0=1.5).

Key words/ Rayleigh distribution, Bayes method double informative and non-
informative priors, the posterior distribution, the squared error loss function,
the weighted squared error loss function.
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A Comparison of Bayes Estimators for the parameter of

Rayleigh Distribution with Simulation

Introduction

The Rayleigh distribution is a member of continuous probability
distributions, and it's a suitable model for life testing experiments and clinical
studies. We mention some of studies in a brief manner: Hendi et al and others [6]
(2007) used Bayes estimation .They obtained bayes estimates for the unknown
parameter of the Rayleigh distribution based on upper record values. They
derived Bayes' estimators by assuming the quasi-density prior as the prior
distribution for the parameter .And he derived Bayes' estimators under two
different loss functions which are squared error loss function and linex loss
function. Dey [4] (2009) used Bayes estimation to obtained the estimators for the
parameter and reliability function of Rayleigh distribution .He derived Bayes'
estimators by assuming the natural conjugate family of priors as the prior
distribution for the parameter .And he derived Bayes' estimators under two
different loss functions which are squared error loss function and linex loss
function. Al Mayali and Al-Shaibani [2] (2013) used different estimation methods
to estimate the unknown parameter of Rayleigh distribution, which is maximum
likelihood estimation, Bayes estimation, shrinkage estimation, and Bayesian
shrinkage estimation. They used simulation to obtain the results and compared
between these results to find best method.

Pak et al and others [8] (2014) proposed different procedures for estimating
the parameter of Rayleigh distribution under progressive type-11 censoring when
the available observations are described by means of fuzzy information .They
conducted simulation study to assess the performance of these procedures. Dey
et al and others [5] (2015) used Bayes shrinkage estimation to obtain the
estimators for the parameter of Rayleigh distribution; they derived Bayes'
estimators by assuming the natural conjugate family of priors as the prior
distribution for the parameter of Rayleigh distribution. They derived Bayes'
estimators for the parameter of Rayleigh distribution under the assumption of
general entropy loss function for progressive Type-I1 censored data.

The aim of research

The Aim of this paper is to obtain bayes Estimators for the parameter of the
Rayleigh distribution under different double informative and non- informative
priors. A few studies present in double informative priors, we mention it: Haq
and Aslam [1], they used double prior selection for discrete case in the case of
Poisson distribution. Radha and Vekatesan (2015), they studied double prior
selection for continuous case in the case of Maxwell distribution [9] .They have
assumed generalized uniform-inverted Gamma distribution as double priors.

Here we study double prior selection for continuous case in the case of the
Rayleigh distribution. We have assumed the square root inverted gamma (SRIG)
- the natural conjugate family of priors distribution, the square root inverted
gamma — the non-informative distribution, and the natural conjugate family of
priors - the non-informative distribution as double priors.
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We try to find best method to estimate parameter of Rayleigh distribution.
According to the smallest value of Mean Square Errors (MSE) and Mean
Weighted Square Errors (MWSE) were calculated to compare the methods of
estimation. Several cases from Rayleigh distribution for data generating, of
different samples sizes (small, medium, and large).The results were obtained by
using simulation technique.

1. The Rayleigh Distribution
Let us consider t,,t,,...,t,is a random sample of n independent observations

from a Rayleigh distribution having the probability density function (pdf)
defined [3]:
t t?

f(t:0)= — exp(-—s
(t;6) ezeXp(zez

, t20,6>0 . (1)
where 0 is a scale parameter. And the cumulative distribution function (cdf) is

given as;
2

F(t;e):l-exp(-;?) 120,050 L (2)
Also, the Reliability function is
. 2
R =1-F(t)=] f(u)du:e><p(-2t?) 20,050 . (3)
t

Where R(t) is probability of surviving at least till age t, and the failure rate

function (or hazard function) at mission time t is given by

h(t)=ei2 , 120,6>0 . (4)

3. Bayes Estimation Method

In this section, we used bayes estimation to derived Bayes' estimators for the
parameter of Rayleigh distribution, under different double informative priors.
Let t,,t,,...,t, be a random sample of size n with probability density function
given in equation (1) and likelihood function given by equation (5) [3]:

n -Hlti 2ot
L(t\6)=T1f(t;0)= =— exp(-
(t\6) n (t;0) o7 X ( 25

In this paper the posterior distributions for the unknown parameter 0 are
derived using the following three types of double informative priors, and then get
bayes estimation’

.(5)
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Here we have assumed the square root inverted gamma [7]-the natural
conjugate family of priors distribution, the square root inverted gamma — the
non-informative distribution, and the natural conjugate family of priors - the
non-informative distribution as double priors, to get bayes estimation for the
parameter of Rayleigh distribution.

3.1 The posterior distribution using different double priors

In this section, we derive the posterior distributions .It is assumed that 6
follows three types of prior distributions with pdf as given in table -1:
Table -1: The three types of prior distributions (f,(6)) with pdf foro .

Prior distribution f,(6) ,1=123
0~ SRIG distribution (a,b) f(0)= Fb g-2a+D) (- Dy for ab, 650
8 ~ natural conjugate family of 1
priors distribution (o, B) f2(9)=9a+1 exp[- 262] for 6,0, p>0
. e 1
6~ non-informative distribution (c) f3(6):e_° for 0,c >0

And their double prior’s distributions with pdf as given in table -2:

Table -2: The three types of double prior distributions (P,(6)) with pdf for9.

Double prior dist". P(0) ,i=12.3

P(0) a f(@) f(0)
0~ SRIG (a,b)-0 ~ the ! 2
natural conjugate 2b? o

familyofprjiogs(q, g) | (0« [r 1o +2)exp[ — (b+p)] for ab,a, B,0>0

0~ SRIG (a,0)-6~ non- | T(0) « T,(6) T,(60)

informative 2 h? S b
distribution (c) P (6) a[r—a]e'< a+c+l) ep[--] for ab,c0>0
52 31 339 o 3Lal@N!  gladl ke
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0 ~ the natural

conjugate family of
priors (o, B)-6~ non-

informative
distribution (c)

P.(0) a f(6) (0)

P.(0) o o7 re) exp[-Zng] for o, B,c,0>0

Then the posterior distribution of 6 for the given the data
t=(t,t,,....t, )is given by:
P(0\1)= L(t\6) P(6) .(6)

[ L(t\6) P(0)do

0

Substituting the equation (5) and for each P(6) as shown in table -2 in

equation (6), we get the posterior distributions for the unknown parameter 0 are
derived using the following three types of double priors ( for more details see

Appendix-A).

Table -3: The posterior distributions (P(6\t)) for the unknown parameter
(0) are derived using the following three types of double prior distributions.

gi‘;;‘nb'e prior The posterior distribution (P(6\1))
0~ SRIG (a.b)- P(8 ) ~ SRIG dist” with (e = (2+ 1+ 0.50+ 0.5), by = (0.55%, t* +b+P) )

6 ~ the natural
conjugate family
of priors (o, B)

2(0-5ZF=1 t1 +b+B) (a+n+0.30+0.3)

P(81)= g Qati05a5)4) EXP['B—I: (0552, £ +b+p)]

)

Ta+n+05+05)

0~ SRIG (a,b)-
6 ~ non-
nformative
distribution (c)

P,(8 1))~ SRIG dist” with (amw =(a+n+0.5¢), bpew = (0535, t?+b) )

2 a+n+03c
A05TE; ¢ +b) )

P,(8' )=

arns0s 1 :
B-L(a+n+D.:uc}+1} — U-fziﬂ 2+ b
T(a+n+050) pl- gz (0% & +h)]

a,b.c,n820

0 ~ the natural
conjugate family
of priors (a, B)-

P, (8" 1))~ SRIG dist® with (@ = (n + 0.5a+ 0.5¢), be=wy = (0.5% 7, t: + 0.56) )

2 {050+ 50)
205TR £ +05p) s

A P,(B\1)= gD o L (0552, £ +059)]
informative : T +05a+05q) g
distribution (c) B.c.0.020
a.p.cniz
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3.2 Bayes' Estimators

The objective of this section, to find Bayesian estimators of the scale
parameter of Rayleigh distribution under two loss functions and three different
of double prior distributions :

AN AN

e Thesquared error loss function L,( 0, 0)=( 6- 0)°.

AN

_ 2
e The weighted squared error loss function L,( 6, e)=(e—e).

0

Where 0 is an estimator for 6 was considered with three different of double
prior distributions, and under two loss functions. Following is the derivation of
these estimators:

First: The squared error loss function
To find Bayesian estimators of the scale parameter of Rayleigh distribution
under the squared error loss function and three different of double prior
distributions:

|_1(8,e):(<;-e)2 - (7)

After simplified steps, we get Bayes estimator of 6 denoted by 6. for the above
prior as follows

n

eSE:E(e\t)zfeP(e\t)de .. (8)

So, the following results are the derivations of these estimators under the
squared error loss function with three different double priors (for more details
see Appendix-B).
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Table -4: The estimators ( 6. ) under the squared error loss function
With three different double priors.

Double Prior ~ T

distribution Ose —E(G\t)—'([GP(G\t)dO

0~ SRIG (a,b)-0~ A F(a+n+05

the natural Oe = ( ) (0.5%7, t7+b+p)™*
. . I'@+n+0.50+0.5)

conjugate family of

priors (o, B) ,n,o,p,b,a>0

0~ S_R'G (a,b_)- 0~ OSEZ _ I (a+ n +0.50-0.5) (0.52?21 tiz 4 b)0'5

non-informative I'(a+n+0.5¢)

distribution (c) n,cba>0

0 ~ the natural
conjugate family of | - . 5c_0.
0 - I' (n+0.50 + 0.5c — 0.5) (0557, t2 +0.5p)°°

priors (o, B)- 0~ = = 1 (n+0.50+ 0.50) =
non-informative

distribution (c)

,o,B,¢,n>0

Where I'(.)is a gamma function.

Second: The weighted squared error loss function

To find Bayesian estimators of the scale parameter of Rayleigh distribution
under the weighted squared error loss function and three different of double
prior distributions:

AN

|_2(e,e)=(e'e)2

. (9)

After simplified steps, we get Bayes estimator of 6 denoted by®9,,. for the above

prior as follows
! 1 1
Owse = 1 =°°l - (10)
E(=\t) [=
(e ) !e P(0\1)do

So, the following results are the derivations of these estimators under the
weighted squared error loss function with three different double priors (for more
details see Appendix-C).
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Table -5: The estimators (0,,s ) under the weighted squared error loss

with three different double priors.
" 1 1
Double Prior | 9wse = 1. =1
distribution E(,\0 j 5 P(0\1)do
0

0~ SRIG
(a,b)-6~ the

natural . [(a+n+05a+0.5) (055", t2+b+p)°°
i Owser = n,o,p,b,a>0
conjugate I'(a+n+0.50+1)

family of
priors (o, B)
0~ SRIG
(a,b)-6~non- | . T(a+n+05¢) (0557, t?+b)°S

informative Oser = ncb.aso
distribution( I'(a+n+0.5c+0.5)

c)

0~ the
natural
conjugate
family of
priors 0 _ I'(n+0.50.+0.5¢)
(o, B)- 0~ W= I(n +0.50.+0.5¢ + 0.5)
non-
informative
distribution

(©)

(0.53", t2+0.58) %2 a,B,c,n >0

4. Simulation Study

In this study, we have generated random samples from Rayleigh distribution
and compared the performance of Bayes estimators based on them. So we have
considered several steps to perform simulation study as follows:
1.We have chosen sample size n = 15, 25, 50 and 100 to represent small, moderate
and large sample size.
2.We generated data from Rayleigh distribution for the scale parameter; we
have considered randomly several values for the parameter of Rayleigh
distribution6=0.5, 1, 1.5.
3.We used randomly the values for the parameters of the square root inverted
gamma ( SRIG ) distribution with (a, b) - the natural conjugate family of priors
distribution with (o, B) as double prior distribution for6, when (a, b, a, B) =

(5,0.5, 8,0.5) ,(8,0.5, 5,0.5),(5,1,8,1) and (8,1,5,1) .
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4.We used randomly the values for the parameters of the square root inverted
gamma ( SRIG ) distribution with (a , b) — the non-informative distribution with
(c) as double prior distribution for6 ,when (a, b ,c) = (5, 0.5,2) ,(5, 0.5,3),(5,
0.5,5),(5, 1,2) ,(5, 1,3) and (5, 1,5).

5.We used randomly the values for the parameters of the natural conjugate
family of priors distribution with (o, ) - the non-informative distribution with
(c) as double prior distribution for6, when (a, B, c) = (0.5, 5, 0.5), (0.5, 5, 1),
(0.5, 8,0.5) and (0.5, 8, 1).

6.The number of replication used was (r =1000) for each sample size (n).

We obtained estimators for scale parameter in table -4, it means the estimators

(6se) under the squared error loss function with three different double priors

And the estimators in table -5, it means the estimators (Owse)under the

weighted squared error loss function with three different double.

The simulation program was written by using MATLAB-R2008a program.
After the parameter 6 was estimated, Mean Square Errors (MSE) and Mean
weighted squared Errors (MWSE) were calculated to compare the methods of
estimation, where:

MSE:%z}OZOg (é n-0)32 ..(11)
MWSE:%z}OzOg (0 (- 0)2/ 0] (12)

See appendix-D, for the programs algorithm .The results of the simulation
study are summarized and tabulated in tables (4-1 to 4-3).In each row of tables

(4-1) - (4-3) ,we have four estimated values for 6 (06) with MSE for all

samples sizes (n) and values ((a, b), (a,p),c) respectively. Also the results of the
simulation study are summarized and tabulated in tables (4-4to4-6).In each row

of tables (4-4)-(4-6) ,we have four estimated values for 6 (6) with MWSE for
all sample size (n) and values ((a, b), (a,p),c) respectively .The Bayes estimators

under three types of double prior distribution .So our criteria is the best
estimator that gives the smallest value of ( MSE ) and ( MWSE ). We list the
results in the following tables (4-1 to4-6).
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Table 4-1: Shows the values for 6 under square error loss function (MSE).

Method

parameters

A

Estimate forf (6)

MSE(6)

Sample Size(n)

Sample Size(n)

15

15

| 50

100

15 |

5|

50 |

100

| Bayes

(P.(8" 1)) when double prior is (SRIG - the natural conjugate family of priors) dist".

Sl

N

0.40521

0.49756

0.49867

0.40826

0.00276

0.00188

0.00103

0.00036

cojtn |

0.51571

0.51083

0.50571

0.50189

0.00321

0.00210

0.00100

0.00057

0.54557

0.53102

0.51689

0.50782

0.00433

0.00261

0.00124

0.00060

0.56816

0.54518

0.52419

0.51151

0.00700

0.00377

0.00157

0.00068

Bayes

(P,(9.1)) whendo

uble prior is (SRIG - t

he non-informative))

dist”,

bl ==

n

| Joa|rn

0.51718

0.5115

0.50589

0.50191

0.00404

0.00243

0.00117

0.00059

rn

0.50926

0.5066

0.50342

0.50067

0.00371

0.00230

0.00114

0.00039

0.49428

0.49722

0.49838

0.49822

0.00345

0.00218

0.00111

0.00038

0.54746

0.53020

0.51558

0.50684

0.00559

0.00305

0.00134

0.00062

0.53808

0.52522

0.51306

0.50559

0.00476

0.00273

0.00125

0.00060

| Ll

e Lo ealen|talea | [en]| ool en|oa | =

0.52312

0.51549

0.50813

0.50311

0.00358

0.002135

0.00113

0.00038

Bayes

(P;(8'f))when double prior is(the natural conjugate family of pri

informative ) dist".

0rs- non-

0.65003

0.50461

0.54903

0.52396

0.02523

0.01078

0.00341

0.00112

0.64461

0.59143

0.54765

0.52331

0.02338

0.01021

0.00327

0.00109

0.72441

0.64377

0.57501

0.53815

0.05255

0.02223

0.00667

0.00198

oo | oo |t

0.71835

0.64054

0.57447

0.53747

0.04983

0.02130

0.00645

0.00192

Table 4-2: Shows the values for

0 under square error loss function (MSE).

Method

parameters

Estimate forf (6)

A

MSE(6)

Sample Size(n)

Sample Size(n)

15

25

| 50

| 100

15

| 25

| 50

| 100

Bayes

(B(8' 1)) when double prior is (SRIG - the natural conjugate family of priors) dist®.

0.89565

0.93375

0.96466

0.9796

0.02359

0.01267

0.00556

0.00271

0.93172

0.95822

0.07816

0.98660

0.01841

0.01046

0.00491

0.00231

0.92380

0.95175

0.97413

0.98447

0.01773

0.01029

0.00490

0.00252

0.9611

0.97668

0.98775

0.9916

0.01443

0.00893

0.00450

0.00238

Bayes

{P,(6'1)) whendo

uble prior is (SRIG -

he non-informative)

dist®.

0.97141

0.98432

0.00213

0.0030

0.01678

0.00082

0.00472

0.00243

At B ool thQolrn | R

0.95681

0.97508

0.08733

0.99144

0.01734

0.01001

0.00477

0.00245

0.92047

0.95735

0.97792

0.98662

0.01957

0.01087

0.00501

0.00253

L]

0.98738

0.90403

0.90706

0.99630

0.01550

0.00042

0.00462

0.00239

0.97254

0.98471

0.00123

0.99304

0.01573

0.00044

0.00463

0.00240

LI ]

e | e | e | e | th|calun|ce |2

0.94475

0.96681

0.08278

0.95900

0.01718

0.00997

0.00478

0.00246

Bayes

_

(P,(8'1))when double prior is(the natural conjugate family of priors- non-

informative ) dist™.

1.085

1.0532

1.0268

1.0113

0.02274

0.01222

0.00533

0.00251

1.0759

1.0479

1.0243

1.0101

0.02103

0.01159

0.00518

0.00247

1.1314

1.0818

1.0415

1.0188

0.03156

0.01558

0.00620

0.00269

OO | 0o |t

1.122

1.0764

1.0389

1.0175

0.02802

0.014463

0.00597

0.00264
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Table 4-3: Shows the values for 6 under square error loss function (MSE).

Estimate forf (6)

A

MSE()
Method parameters - -
Sample Size(n) Sample Size(n)
15 25 | 50 | 100 15 | 25 | 50 [ 100
Bayes | 0 a b a B | (P(8't)) whendouble prior is (SRIG - the natural conjugate family of priors) dist".
15| 5 0.5 § 0.5 113029 |1.3739 [1.4325 |[1.4618 [0.06775 | 0.03464 | 0.01429 | 0.00664
§ 0.5 5 0.5 ]1.354 1.4003 | 1.4524 | 1.4724 | 0.05253 | 0.02794 | 0.01227 | 0.00602
5 1 b 1 |1.322 1.386 1.4389 | 1.4651 | 0.05974 | 0.03140 | 0.01339 | 0.00637
§ 1 5 1 | 13739 |1.4217 | 1.4588 |1.4756 | 0.04622 | 0.0255 | 0.01162 | 0.00582
Bayes | 6 a b c - | (P,(6' 1)) when double prior is (SRIG - the non-informative)) dist®.
15| § 0.5 | 2 1.4219 | 1.4545 | 14769 | 1.4851 [ 0.04157 | 0.02345 | 0.01097 | 0.00559
5 |05 3 1.4012 | 1.4411 | 1.4698 | 1.4815 [ 0.04421 | 0.02446 | 0.01125 | 0.00569
5 0.5 5 13622 | 14154 | 14559 |1.4743 [0.05153 | 0.02741 | 0.01209 | 0.00595
5 1 2 1.4326 | 1.461 1.4802 | 1.4868 | 0.03049 | 0.02271 | 0.01079 | 0.00553
5 1 3 14117 | 14475 | 14731 | 1.4831 [0.04174 | 0.02355 | 0.01102 | 0.00362
5 1 5 1.3724 | 1.4217 | 1.4502 | 1.4739 [ 0.04834 | 0.02619 | 0.01177 | 0.00586
Bayes | " B ] _ [ (P(8't))when double prior is(the natural conjugate family of priors- non-
informative ) dist".
1505 5 |05 1.5601 | 1.5389 | 1.5196 |1.5066 [ 0.04161 | 0.02381 | 0.01105 | 0.00347
0.5] 5 1 1.547 | 15312 | 1.5158 | 1.5047 [ 0.03957 | 0.02304 | 0.01087 | 0.00544
0.5 8 | 05 1.5928 | 1.5587 | 1.5206 |1.5116 [ 0.04507 | 0.02516 | 0.01140 | 0.00553
0.5 8 1 1.5795 | 1.5508 | 1.5257 | 1.5097 [ 0.04217 | 0.02409 | 0.01114 | 0.00347

Table 4-4: Shows the values for 6 under weighted square error loss function

(MWSE).

Method

parameters

Estimate for9 (6)

A

MWSE(6)

Sample Size(n)

Sample Size(n)

15

15

50

| 100

15

25

|50

| 100

Bayes

(B,(8'1)) when double prior is (SRIG - the natural conjugate family of priors) dist™.

bl ==

rn

0.4859

0.49336

0.49639

0.49707

0.00538

0.00378

0.00206

0.00113

ol

0.50859

0.50629

0.50333

0.50067

0.00592

0.00397

0.00211

0.00113

0.53863

0.52654

0.51453

0.50661

0.00739

0.00465

0.00231

0.00114

0.56032

0.54034

0.52172

0.51027

0.01204

0.00466

0.00280

0.00130

Bayes

(P,(6' 1)) whendo

uble prior is (SRIG - £

he non-informative)

dist",

bl ==]

N

thm (<=1 L ] ]

0.50924

0.5066

0.50342

0.50067

0.00742

0.00460

0.00228

0.00118

rn

0.5016

0.50185

0.50098

0.49944

0.00704

0.00443

0.00224

0.00117

0.48727

0.49272

0.49621

0.497

0.00696

0.00437

0.00222

0.00117

rh|rn

0.53808

0.52522

0.51304

0.50559

0.00952

0.00544

0.00251

0.00121

rn

0.53087

0.52029

0.51057

0.50435

0.00819

0.00493

0.00238

0.00118

rn

e ca|en|aleale Junjoa|wn|oa |2

0.51571

0.51083

0.30571

0.50180

0.00643

0.00420

0.00218

0.00114

Bayes

=2

(P,(6'1t)) when double prior is(the natural conjugate family of priors- non-

informative ) dist".

n

0.63931

0.58869

0.54629

0.52263

0.04407

0.01933

0.00628

0.00212

0.63413

0.5858

0.54403

0.522

0.04115

0.01828

0.00602

0.00206

0.7124

0.63736

0.57304

0.5368

0.09430

0.04080

0.01248

0.00375

SO Ca| |t

0.70667

0.63423

0.57162

0.53614

0.08960

0.03907

0.01206

0.00365
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Table 4-5: Shows the values for 6 under weighted square error loss function
(MWSE).
Estimate forf (6) MWSE(6)
Method parameters - -
Sample Size(n) Sample Size(n)
15 | 25 | 50 | 100 15 [ 25 | 50 | 100
Bayes | a b | o B | (B(6'1)) when double prior is (SRIG - the natural conjugate family of priors) dist".
5 [ 05| 8 | 0.5 |0.88452 |0.926 | 0.96029 | 0.97727 | 0.02572 | 0.01362 | 0.00585 | 0.00280
§ | 05| 5 | 0.5]0.91922 | 0.94985 | 0.9736 | 0.98431 | 0.01990 | 0.01108 | 0.00509 | 0.00257
5 1 8 1 ]0.01241 | 0.94385 | 0.96971 | 0.98213 | 0.01931 | 0.01098 | 0.00511 | 0.00258
8 1 5 1 |0.9482 |0.96815 | 0.98315 | 0.98921 | 0.01526 | 0.00925 | 0.00439 | 0.00241
Bayes | a b c - | {(P,(6'1)) when double prior is (SRIG - the non-informative) dist®.
5 [05] 2 0.95681 | 0.97508 | 0.98733 | 0.99146 | 0.01734 | 0.01001 | 0.00477 | 0.00245
5 |05 3 0.94284 | 0.9661 | 0.98250 | 0.98903 | 0.01829 | 0.01037 | 0.00487 | 0.00249
5 1058 5 0.91665 | 0.94884 | 0.07332 | 0.98423 | 0.02115 | 0.01151 | 0.00519 | 0.0023%
5 1 2 0.97254 | 0.98471 | 0.99223 | 0.99394 | 0.01573 | 0.00944 | 0.00463 | 0.00240
5 1 3 0.95834 | 0.97564 | 0.98747 | 0.9915 | 0.01628 | 0.00963 | 0.00468 | 0.00243
5 1 5 0.93172 | 0.95822 | 0.97816 | 0.98669 | 0.01841 | 0.01046 | 0.00491 | 0.00251
Bayes | 6 . B c [ (B(811)) when double prior is(the natural comjugate family of priors- non-
informative ) dist™.
1 05| 5 | 05 1.0671 | 1.0427 |1.0217 | 1.0088 | 0.01951 | 0.01103 | 0.00504 | 0.00244
05| 5 1 1.0584 | 1.0376 | 1.0192 | 1.0076 |0.01818 | 0.01032 | 0.00491 | 0.00242
051 8 |03 1.1127 [1.071 | 1.0363 |1.0162 | 0.02652 | 0.01376 | 0.00575 | 0.00259
0.5 8 1 1.1037 | 1.0658 | 1.0337 |1.0149 | 0.02435 | 0.01295 | 0.00555 | 0.00255
Table 4-6: Shows the values for 6 under weighted square error loss function
(MWSE).
Estimate for0 (6) MWSE(6)
Method parameters - -
Sample Size(n) Sample Size(n)
15 | 25 | 50 | 100 15 [ 25 | 50 | 100
Bayes | 6 a b 0 B | (P(8'1)) whendouble prior is (SRIG - the natural conjugate family of priors) dist®.
15| 5 [ 05| 8 | 05 |1.2871 |1.3627 |1.4261 |1.4584 |]0.04901 | 0.02486 | 0.01007 | 0.00459
§ | 05| 5 | 0513363 [1.39072 | 14457 |1.4688 | 0.03813 | 0.01996 | 0.00858 | 0.00413
5 1 8 1 |1306 [1.3747 |1.4324 |1.4616 |0.04335 | 0.02254 | 0.00942 | 0.00440
8 1 3 1 | 1.3559 |1.4095 |1.4521 |1.4711 |]0.03352 | 0.01815 | 0.00808 | 0.00399
Bayes | 6 a b c - | (B,(8'1)) when double prior is (SRIG - the non-informative) dist®.
15| 5 |05 2 1.4012 | 1.4411 | 1.4698 |1.4815 | 0.02947 | 0.01630 | 0.00750 | 0.00379
5 105 3 13813 | 1.4281 | 1.4628 |1.4779 |0.03171 | 0.01719 | 0.00775 | 0.00387
5|05 3 1.344 1.403 1.4491 | 1.4707 |0.03735 | 0.01953 | 0.00842 | 0.00408
5 1 ) 1.4117 | 1.4475 |1.4731 |1.4831 |0.02782 | 0.01570 | 0.00734 | 0.00374
5 1 3 13016 | 1.4344 | 1.4661 | 1.4795 |0.02981 | 0.01648 | 0.00736 | 0.00382
5 1 3 1.354 1.4093 | 1.4524 |1.4724 |0.03502 | 0.01863 | 0.00818 | 0.00401
Bayes | . B ] [ (B:(811)) when double prior is(the natural comjugate family of priors- non-
informative ) dist".
15 05| 5 | 05 1.5343 | 1.5236 | 1512 1.5029 | 0.02528 | 0.01494 | 0.00714 | 0.00360
05| 5 1 1.5219 | 1.5161 | 1.5083 | 1.501 0.02442 | 0.01460 | 0.00705 | 0.00359
05| 8 |05 1.5665 | 1.5431 |1.5219 |1.507§ | 0.02645 | 0.01543 | 0.00727 | 0.00362
05 8 1 1.5538 | 1.5356 | 1.5182 | 1.506 0.02506 | 0.0149 | 0.00713 | 0.00359
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5. Discussion

We obtained a good estimation according to the smallest values of MSE for all
samples sizes (n) comparative to the other estimated values for MSE as shown in
tables (4-1to 4-3) .

As we see in table (4-1), when the true value of 6 (6=0.5) and the double prior
distribution for 6 is

e SRIG - the natural conjugate family of priors distribution with (a=5, b=0.5,
a=8, p=0.5).

¢ SRIG - the non-informative distribution with (a=5, b=0.5, ¢ =5).

e The natural conjugate family of priors-non-informative distribution with
(a=0.5, B =5, c=1).

And in tables (4-2) and (4-3), when the true value of 6 (6 =1&1.5) and the double
prior distribution for 0 is

¢ SRIG - the natural conjugate family of priors distribution with (a=8, b=1, o =5,
B =1).

¢ SRIG - the non-informative distribution with (a=5, b=1, ¢ =2).

e The natural conjugate family of priors-non-informative distribution with
(a=0.5, p =5, c=1).

Also, we obtained a good estimation according to the smallest values of MWSE
for all samples sizes (n) comparative to the other estimated values for MWSE as
shown in tables(4-4 to 4-6) .

In_table (4-4), when the true value of 6(6=0.5) and the double prior
distribution for 6 is

¢ SRIG - the natural conjugate family of priors distribution with (a=5, b=0.5,
a=8, p=0.5).

¢ SRIG - the non-informative distribution with (a=5, b=1, ¢ =5).

e The natural conjugate family of priors-non-informative distribution with
(a=0.5, p =5, c=1).

And in_tables (4-5), when the true value of 6(6=1) and the double prior
distribution for 0 is

e SRIG - the natural conjugate family of priors distribution with (a=8, b=1, o =5,
B =1).

¢ SRIG - the non-informative distribution with (a=5, b=1, ¢ =2).

e The natural conjugate family of priors-non-informative distribution with
(a=0.5, B =5, c=1).

And in_tables (4-6), when the true value of 6(6=1.5) and the double prior
distribution for 0 is

¢ SRIG - the natural conjugate family of priors distribution with (a=8, b=1, a =5,
B =1).

¢ SRIG - the non-informative distribution with (a=5, b=1, ¢ =2).
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e The natural conjugate family of priors-non-informative distribution with
(a=0.5, B =5, c=1).

For more details see Appendix-E.

6. Conclusion

When we compared the estimated values for 6 (6) the parameter of the

Rayleigh distribution by using Bayes with respect to Mean Square Errors (MSE)
and Mean weighted squared Errors (MWSE) respect to the smallest values of
them .In general , we found best estimation for the parameter (6)for all

sample sizes (n) , when the double prior distribution for 6 is SRIG - the natural
conjugate family of priors distribution with values (a=5,b=0.5,a=8,=0.5)
and(@a=8,b=1,a=5p=1) for the true value of 6 (6=0.5and 1) respectively
Also ,we obtained the best estimation when the double prior distribution for 6
is the natural conjugate family of priors-non-informative distribution with
values (a=0.5,=5,c=1) for the true value of 6(6=1.5).
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Appendix-A: The posterior distribution by using different double Priors.

1- The posterior distribution wiine SEIG - naiural conjueste family of priors distrbution as
double prior:
Ta find the posterios distribution wsing the sgnass root inventsd ssoine distribution (SRIG) - the
nahwal conjusate fEmily of pricss distribotion we follow thess steps:
Whan the prior distribution of & taks SEIG distribution, then the pdf iz given by:

f{gy=— 2" gi==h - tf:- Br ab 6>0 ]
t Tz &=
Apsin when prior distribution of @ take the pahwal conjusats family of priess distribution, then
tha p.d.f iz miven by

f,(8)= ! ]:-[—— B B o f=0 LA
2 'EF_] o
W defina tha dovbls prior for 8 by combining theza two prioss 2= follows:
P:{E}{: f_{B} f\{E} LAY
1:- rTaly b, 1 B ..
P‘ 8) o [ anpl- —) Erel - LrA4Y
(8) of —— ol 52 Iy el el ] (A4)
20%  itaeady 1
Blg) Jgm ﬂ]:-[-?{b—ﬁ}: fr ab.o, fE>0 o CASD
L E
Then the posterior dizstribution of & for the given the data t=(t,.t.,... by }iz given by:
BB\ )= M LB
i Lit"8) P8 )8
L+
Substituting the sguation {3) and (A 5) in eguation (A 6), we gat:
¥ o ]
il:IltL Tia1M 287 paeaed .
5 gl = -[ 18 = enpl-— -,':t'_ﬁ'..'_
L. g 28 Tz g .
B{d )= . e TATY
- ¥
:’_ o
- 'Ll:Ilt.L Zia1h 28 (2a+a+) -
| s e —— 1 D gl o +F) 108
[/ 28 4 g
bk 1%
Sl i
= SE PR )
BB\ 1) L E o (AR)
ko
= (2a+2n+a+2 “i=l i )
pogeTe 'EHP[-—{——t-— Er] o8
:. "

Wa can mwnta{a+2n+a+2) a=(2ata+ 050+ 0.3+ 1), then by multiplying the intsgral in
asguation {4 B) by the guantity which sgquals to
AOSEP | 6 +pefp TS

=17 r{a-r-:l,-:c 0.5
( Tiz +n+ 050+ 0.5) ) A0SEPE_; ) +0+p) e
‘ HBSE T
T }iz a gamma fimction . Then we zat,
63 ret o) 339 s alamW ) p gleatl s
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L m

- i 2 Y
A0SER 6 +b+p T

B{8 )= — gl Lepsrr b p). (A9)
) Ta + o+ 0.5 +0. 5040 8) i
Whars A(t§) egusls to
= . (2o0Se405)
- J{':'-"_E,r'_] ti. +bh+ (a0 505 :
Al B -] gt g —{0.5EL, t + b+ )] 8 -1
A8 ) Tfa +n+05x+ 0.5) ol B'{ o P

Eatha intagral of the pdf of SRIG distribution. Then we gt the postsrior distribution of § given the
data of & given the data t={t,.t.,....t; Jiz
AOSELLy o vbep FEEEES
TG ‘Bg_-__:—:.—':l Se+Q5
’ ’ Tia +n + 05 +0.5)

wipl  (0SE%, ¢+ b+ )]

gb.oapf o820 ... (410
It mesns that B{8"t))~ERIC diztribution with naw
paramaters | S = (8 + 0+ 050+ 0.5), by = (0575, t7+0+ ) ).
1- The posterior distribution nsine SRIG - nop-informative distribution as double prior:

Ta find the posterior distribution wing 5RIG -non-informative diztribution, we follow these steps:
When the prios distribution of & taks SRIG distribution, then the pdf iz given by

b, B ab 830 AL

L

ThE et
figy=""— B gD -
L a

Aggin when paior distribution of @ take pon-informative diztribution, then the pdf iz given by

£ (B)a L $c B0 (AT
3 as
Wa dafine the doubls prier for @ by combining thess two priees a= follows:
Bi{8)a f(8) fi{B:- LAY
T2 L
p,(8) e[ 22 8= wp By 31l . {A13)
= Tz [ a°

1% | maealy o
B{8) af 18 *ampl- —=] Br abcB>0 I
2 Tz 8-
Then the postarior distibution of @ for the given the data E=0t,,t.,....ty }iz given by
L{t\8) @)

B - —2= ¢ ALEY
B0 e e (A.6)
L]
Substituting the squation {5) and (A 14) in aguation (A &), wa gat
n
IT t, % S A
im] b “i=li 29® | asceld b,
R L L |
- g=T 28 Tz g2 .
Bif ' ti=- . (A15)
Tt, no4
= 11:11 t Zic1h gpf S(Zasc+l) b
2 =5 Eﬁ_]:{- =5 .-'[ 3 B . Ex-]:'['—_l EFB
o -B"r' 18- Tz g=
64 31 339 o 3Lal@N!  gladl ke
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Zf1 6
gridaslnessl) oo L T e
B8 - Tr‘ = o (ALY
= g “ialti
pgrarsinterl) oy 1 T L bye
. e -
o 8 4

We can rewrita{2a+ 2n+ e+ 1) a(2(a+n+0.5)+1), then by multiplying the intagral in
aguation {A. 16) by the guantity which eguals to

HOSTP L fF 4ty TR
Tl ~ T(a +n +0.5¢) ) N
( — p I : ) . Where [()izagsmma
Tiz +n+ 0.5 2050 L1+ (ern+05s)
Zf_pt e

fimction . Then wa gat,
a1 2 ]
J{:'.-_E’_] tl. —tl__l

Big ' t)= _ e e i,{-:-.ig;"_: tE+B)] . (ALTY
- Tia + n+ 050t 8) o=

Whare At §) aguals to
n e z . (E+o0 3c)
@ AOSIE € +b)

At B - | - gt — (DSER, C+bi] B al. Bs  the
o g +n+05c) [

intazral of the pdi of Gemma diztribution. Then we got the posterior distribution of &  given the
data t=(t, t.....ta ) is

A0SER, ] + ) T .

v o o

B(8\t)= i = e el (05T, 17 + 1))
- Iz +n + 0.5C) &=

b, n820 .. (A1)
It mans that B{S" )~ SRIG distribution with new
PaErEmMaters | Spey = (2 + 0+ 050, b = (03T 5, (7 +8) ).

3- The posterior distribution nsine the namral conjueste family of prior- non-informative
divtribution as double prioe:
To find the posterier diztribution wsing the nateral conjugate family of priors- non-informative
diztribution, we follow thess steps:
When the prior distribution of & taks the natural conjusate family of prioss distribution, then the
pafiz given by

f\{ﬁ}-; anpl- E'.: br G, >0 e ALY
- g=+1 i
Agsin when pricr distribution of @ taks Eflangz diztribution, then the pdf iz given by:
f8)-—  Br Bc50 (AL
3 as
Wa dafins the double pries for & by combining thess two priess a= follows:
F(8)a f(8) £(8) L A1EY
\ B ... 1. .
By(8) al — el e =1 AT
BT L &
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LR
ol

Then the posterior distribution of 8 for the given the data t=(t,.t. ... t; )iz given by:

(8 )=

B(8) 28 1= gl S u, B 80 (A2

_Lit8) BE) L(Af)
[ Lit'6) Beye

L

Substituting the aquation () and (A.21) in aquation {A.€), we gat:

r_ &
P p Zia1h
gidn+a+c+l) g e
E,l 2 2"
DB = — o (A2D)
I
H -iln+a+c+l) ] i=li i
[ B ’ﬂ?ili'[-;{f-;lﬂ
0 p: i

Wa can rewrite(2n+a+c+1) =(2(n+ 0.50+0.35c)+]), then by multiplying the intagral in
aquation (A 12 by the quantity which agualz to

HDAZP |t +0.5p T o
t=11 . Tin+0.50+0.50) L
{ - ) {— ———————) , wham [ }iza gamms
Tip+ 030+ 03) H03Ef_y 1 +0m T
- 1

function . Than we gat,

Tin+ 050+ 05 AdL8)
Whers At .6) aquals to

t-l +05 EI:I (m=lfa=l 5]

Bigig- fr et angl- E%{'HE;';- ti+0.55)] ... (A1)

o 57 I
o) a.{:l_-“l-l

. i £ 1 .
A1, 8) - g ol — (DT, ¢ +05P)] dB -1
L8 0 Tin+ 050+ 0.5 ol E"{ o 2

Ea tha inteersl of the pdf of Gamma distribution. Then wa gat the poeterior distribution of & given
the data t=(t.t.,....t, ) iz

‘t;, —':I_:'-El:l _'.-F'\:':J-'\:':‘:I

N0SER t;'l + D3R P

M e (032, € +05)

afondz0 (A
It mams that B(9\t) SRIG distribution with new
paramatars | S = (0 +0 50 +050), bpew= (0,578, t7+0.55) ).
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The following is the derivation of these estimators under the squared error loss
function.

Thesguared error loss funchon
To obtsin the Bayes' astimated, w2 mindmize the postarios expacted loss given by

L. &, 8)=( 8- 8)° , therisk function is:
F{8-6) = E[L, (8,8 AB.1)

R{8-8) - [L,{8.8) P({& x)d6
8

Fif-8)m [(8-8)" {8 06 =TFi6-8 = (8 -288+8") D& 01de
8 8
R{B—B}-B;jP{B't:-cB—JBjBP{B't}aB—jB; D8\ t) df =
a a a

A

FiB-8)=-8 "—28E(8 O+ E & 1 (B2}
5 - -
Lt — R{f-8)=0 ,we g Bayes estimator of & depoted br 8, | for the above prior as

86

followsz

B -E{ﬁ'x:--jﬁP{B'x:-cﬁ . (B.3)

[}

L -jBP;{B'x}cB , i=123 . B.4)

a

1. Eaves esfimation wsing SEIG - natural conjuneate family of priors distribution as

donble prior:

To obtain the Bayes' estimator undsr SPIE - natersl conjugate family of priors distribotion as
doubla pried. Substituting the aguation {A.10) in eguation {B.4), we gat:

B, - [BB(E\MeE |, il .. {B.4)
[]
e HOSEPE | £F +b4f FeEIeD
8_ -] @ S im0 S0 5)
R Tz +n+0.5x+ 0.5
enpl- (05T, £+ b= F)]dB . (B.5)
.o MOSER; 1] +bsf OIS
2 r L griZimo+05 0 05D
=T .I & =
] I'fa+n+0.5x+ 0.5
epl - (0STE, o + b+ F)]g0 . (B.6)
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okt H o (ol Setl )
J{:':E’ -1 t |. - tl— El__l

o
]
g,

gridisa0.5))
Iia+n+0.5x+0.5)

1 -
enpl-—(0.3E0, 1
e E_{ Ei

T+b+E]C8 . (B.T)
Ev multiplying the intesrsl in  sguatiom (B.7) by the gueantity which sgrsls
1o Bl - {M 1, Whara I'( )iz a gsmma fonction. Then we hava
Iz +n +0.5a)
L e MOSER, G epep ISR
- B]j ‘B-___-ﬁﬁ—-:l Sl
’ H Na+n+05x+0.5)
axp[—é{-:-.izg"_: 17 +b+Filde .. (BB
Then, we have
: Tia + n+ 05ax) cm oz 08 . N
8 - (0570, tf +b +f-BXLE) .. B.5
= Ta+n+052+05 = P A {
Whera BItE8) agual: to
L HOTER G erep
Bt 8) = _| — grid(me= i)
b Tz +n +0.5x)

1 _ ;
anp[- F{-L‘-:_E;'_; tr+b+fi]de =1
Bathe integral of the pdf of SEIG distribution. Then we gat the Eayes estimater of 6, as the
following formula:

“B T'ia + n+ 05x)

e z - 03
. (05T, P +b+B)
= Ma+n+05e+0.5 7 P

nafba>0 ~(B.10
2

Eaves pstimation wsing SEIG - non-informative distribution as double prior:

To obtzin the Baves' sstimates unds SRIG - non-informetive distribution  a= dovbla pricg
Substitutine the ageation (4 18) in aguation (B4, wsa gt

B - [BE(8'x) g8
[]

i=2 (B4}
< AOSTI GepEEeS
E‘s_-JB Tarns050 gt bk
1] = -
exp[- E%{-:-_'EE;"_: i+ b)) dB . {B.11)
. < OSED ey EEMRGSD
8. - i g =l Il
] T'a +n + 05c)
ax]:-[——{:-_,*?':_: tF + by ] 48 .{B.12)
Ev multiplFing tha intagral in -3:1_311-:::1: {B.12) by ithe guantity which
agual: B3 = Tz +n+ ':I'-’::_':"-’:" 3, whare I'( )iz a gamma fimction. Than we hava
Tz +n+0.5c-0.5)
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Appendix-B
The following is the derivation of these estimators under the squared error
loss function.

Thesguared error loss functon
To obtain the Bayas' astimator, we mindmize the posterior expactad loss given by
L. 8, 8)={ 8- 8)° ,therisk finction is:
Rig-8)=E[L (& &] AB 1)

Ri{8-8)= [L,(8,8) D8 x)db
8

B{8-8=(8-8)" I8 ' 0)d8 =TR{6-8) = (87-288+8%) B(8 01cB
8 8

R{a-a;-_fa ;jp{a' t:--E,-B—J-EleP{-B' 0 aﬁ—jﬁ; D{ 8\ () df =
o o o

Fif-81m@® "—28E(8 " 0O0+E & "0 (B2}
5 - -
Lst —B{&-8)=0 ,wagat Baye: astimater of & denoted by &, for the shows prior az

88

follows

B -E{E'x}-jEP{E'x}cﬁ . {B.3)

[}

B -jBP;{E'x:-c,B ci=123 (B4}

a

1. Eaves estimation using SEIG - natural conjueate famdly of priors distribution as
double pricr:
To obtain the Bayas” estimatos undar SEIGE - naters]l conjugate family of prices distribution as
doubla pried. Substituting the squation (A 107 in eguation (B.4), wea gat:

B, -jEE{E'n}-ﬁE L iml L {B.4)
a
- J{':'-'J_E{'_ . 2 eb - F (et St 05)
*E . _| s 1 pr{ =0 S0 )y
= Tia +n+05x+ 0.5
enpl- ﬁ%-:-njz:; tF+ b+ B)] dE .. {B.5)
) - J{':'-'J_E{'_] 2 b B (et 505
8 : t pr{A(=o+05 40 -0 9D
=1 _I = o
: I'a +n +0.5c+ 0.5
enpl- E%{'L"EE;"_: t+ b+ [ ] 28 .- (B
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. . 20SER, 6
Es:' [ - = o
;! Ta+n+05c+0.5

sh+ EI-LI (o0 Je+0 1)

{05

ap[—é{-a.fzs-_: £+b+f)d8 (BT

Ev multiplying the intesml in agustion {(B.7) by the  guantity which agusls
[z +n+ ':"-’:ﬂ:' 1, whera I'(.}iz a gamma finction. Then wa hava

0B - — "
Iz +n + 0.5a)

. i: L4 0%y
OSTE) ] +b 4 T

P 3 T L 7 Tl
8, = Bl - ; gritiEasiiasd)
) a I'a+n+05x+0.5)
*‘-‘P['é'i'-"*-fﬂ"—: t+b+f)]d8 L (BE)
Then, wa hava
P i@ + n+ 0.5a) . o ) %
Baxi = 2_(0sgz, 6 +b+pBALE) (B
=T Taenslsn-05) = BBt (
Whera B(t8) aquals to
L MR Geeep S
B = gty o L onees i n miae
s -C-I Tz +n +0.50) £l ‘B-{ el Bl
E=zthe intagral of the pdf of 3RIG distribution. Then we gat the Bayes estimater of &, a= the
following fommula:
L] T{a +n+05a) (05T, febe B nefbano (B.10)

=T Ta+ns05a0.9)

2. Baves estimation nising SEIG - non-informative distribution as dounble prios:
To obtzin the Bares' astimater undsr SEIG - non-informetive_distribution == doubls priod
Substituting the sguation (A1) in sguation (B.4), ws =t

" =

Es;-jEE{E'x}aﬂ , 1= (B4
a
= J{:'J_E }—'_] t;i. + tl:l .:1—:.—-]_‘:.:. . .
B - -I*E — ‘B-ﬁ_g:—:.—fl 4]
“oon Ma+n+050)
enpl- E%{-:-:EE;"_: 2+t )48 . ({B.11)
) _ J{':'.'J_E{'_] t;i_ +1b) {05050 5)
PR E-:l-::—:.—-).‘:d:l.‘:-—]:-
= :! Tiz +n + 0.35c)

axpl- E%{-:-::E;'-_: tF + b)) &8 (Bl

Ev  multiplying ths  intessl in aguation  {(B.12) by the guantity  which
iz +n+0.5c-0.5)

aqual: B3 = _ — 3, whers I'{ )iz a gamma fimction. Then we hava
g +n+0.5c-0.5
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. ey S0 =7
J{_:,_.F-._E’;r__] t_i_ + 1) (im0 S0 505

ﬁ-B .= B3f _ E-:L-:ﬁ—':lf:-l:lf:-—]:-
== ',!. iz +n+ 0.5c)
mpl- (05T, £ + )]0 (B3
Than, we kava
- I'ia +n+05c . N - 5
B_. - 2t + BT B4t 8) . {B.14
= Tia+n+035 ’ ’ e ‘ ’

Where Bt} eguils to
1{_:, ek ] £ ' {a+n+0 505
05 1t )

= -

B4L8) - |

e o) T 1 -
g o0 S0l - (DSEL, 17+ B) 18— 1
Tiz+n-05-035 =pl =0t 4

Ea the integral of the pdf of SEIG distribution. Then we gat the Bayes estimates of 8. &= tha
followineg fodmula:
- I'ia +n+ 0.5c

== Tia +n+ 0

nocba>0 . {B.15)

3. Eaves esfimation wiing the nafmral conjusate family of prior- mon-infornmse tive
distribution as donble prior:
To obtain the Bayes' estimatos under the nohersl conjugate family of priors- non-infosmativa
distribution, a=s double prier. Substituting the aguation {A.24) in aguation {B.4), wa st

- - -jEP;{E'x}-E,E . i=3 B4
[-]
MOSTE 13+ 05p =Sl
o _TE‘ a1 B L A i{_:. SE™. %+ 0.5p)] 48
= Tin + 0.5x+ 0.50) [ U
. (B.16)
1{_3 = ] t; =0 _-\_E'-..I (o0 50 3o+ 305
- = TR Ty e Py . o T
'Es.- -_I _ — 'E"‘_"ﬁ_.:'_c_.:'_?:'_"_]"
H I'in+ 05x + D.5C)
xpl- - (05T, 1 +0.55 )]0 . (BAT)
Ev multiplying the intesral in eguation {B.17) by the guantity which agueals to
Ef - {1"{1'_ _-:"3_{': e _-:"j 3, whara (. )iz 3 gamma fimction. Then wa have
I'in + 05x + 0.5c -0.5)
i _ 20sTD, t;i + 0 .5p) ErSe0Is0-0T
Es.‘ —Efj - — E".\_—F_\_ﬂ-':l_c—':l_:-:l__-—]_-
- in +0.5a+ 0.5c)
expl- E%{-L‘-jz R i B ... {B.18)
Than, we kava
- I'in+ 0. 5a+ 0.5c _-:"3"{-:-_'33 " 17+ 0.58) °° Bet,8) o (B.18)

= Tin +0.5x+ 0.5
Where Belt ) agueals to

1{:._._131_'_ t;i_ " :l_._: :u =l Sl Se-0 51

T P or 1 o
8- gt g — (D.5EL,  +0.55)] 08 = 1
LS T(n+ 050 +0.5c— 0.5) el — (0.5E, 5]

Be the intagesl of the pdf of SPIG distribution. Then we got the Bayes estimator of 6, as
tha following formula:

; Tin+05a+05-05),, .. .- .
B - ~(05TL, T+ 0.5 ™ & p.onz 0 o { B2
= T Tin+035a+ 050 I =i .. { B.20)

e
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Appendix-C:  The following is the derivation of these estimators under the
weighted squared error loss function.

1. Theweichted sguared ervor loss fonction
To obtzin the Bayes' astimator, we minimize the posterior sxpactad loss given boy:
- 8- &)t
L. & &)= {T’ , therizk fimction is:

R % - EIL .( 8,8)] e

A

r L8 8, JL.(8.8) BB 08 gL B8, L8 8

oy B{ 8\ 1) d8
8 H 8 s @

et :_J . 1'“:
R{{‘E‘ &) :I_.{‘E' B8+ 87)

. [ B8\ 48
) 8 )

A

8- ‘B‘I; _ ‘E: -
R {T':-- (& 288 B(s 048

8
‘E— ‘E‘l; - .. 1 - .
R 8 ® e lpe.gas—2ef prenee~| epce.nas
) 58
8- B-.I; - 1 -
R;{{T’}-B'E{E't}—JE—E{B't} e {C2)

_a - - -\.IL -
Lat —FE.( %} =0 , wa gat Bayes astimater of & denotad byd . for the abova pries
a6
as fiollows

1 1
A - =123 T3

1,. %1
— "t =+ Ly
E{E ) :lE'P:{E ) a8

1. Baves estimation wsing SEIC - natural conjueate family of priorm distribuwtbion as
double prior
To obtain the Bayes' sstimator undsr SFRIGE - natural conjusate family of pricss distribotion as
double prior. Substituting the aguation (4. 10) in the intesral in eguation {C.3), wa gat:

1, S1 .
= [ B8O dE
E{E ) :lE' 8
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J{.:,_F...—-g-:!'. . t;i_ +b+E (o0 5e 403

E{l' ﬂ _7 L e g (2ea+0 S 05T
8 -!, 8 Ta + n+ 05a +0.5)
pl- (0STL, £+ b+ F)]dB (T8
- J{':'J_E{'_ 1 t2 b« i) (Erors 0 505
E{l. ol ! p{t{atni fes 05205 T)
8 -J, Ta + n+ 05a +0.5)
pl- (0STL, £+ b+ F)]dB (T35
- NOSEP_, 13 + b+ py =m0t
E{l. a1 ! pit{=aited)d)
g -J, Ta + n+ 0.5 + 0.5)

exmpl- E%{-:-iz;‘-_: 2+ b+ [ ]dE o T

By multiplying the intesrsl in ogeation (C.8) by the guantity which eoguals
I'ia +n+0.5a+1)

1, whare I'(.}iz a gamma finction. Then we have

W= ———————— ]
I'ia +n+0.5a+1)

- J{':'-'J_E{'_ : t;i_ +b+[ {irtn +0 S0 30 30 5 . o

E{l Ve g Mol Ies D)

e ?:-I Tia +n+ 050+ 0.5)

ﬂpl-é{'ﬂ-izg';; ti + b+ p] 48 e ()

Then, wa hava

1, . Tiz +n +0. 5+ 1) cemm I . 0% N y

= - = (05EL T +b + ) CXe 80 L = ) ]
E{B T Ta+n+05x+0.5) : 3 X ‘

Whara C(t5) agual: to
1{:. S 1 t; +h+ E'" {rﬂ—':lfc—]:-
= TVTEdi=l i (1m0 Se+1 T 1 2

I, B - [ S e [- — (D.5E, t + by 8- 1.
Cate.8) - | P — ol o= (0.5T B ]
Ba the integrsl of the pdf of SRIG distribution. Then we got the Bayes estimator of & az the
following foamula:

1, . Ia+n+035x+1)

I T <
E 8 Ta+n+05xz+05) =
Substituting the aguation (C.11) in sguation {C.3), wea gat:
- Tiz+n+035x+035) (05, £ +b+p™
[ — nefba>0 LTIy

I'ia +n+0.5x+1)

R ar S . L LTI

2. Baves esfimation wsing SRIG - non-informative distribuntion as double prio:r:
To obtazsin the Bayes' estimator undsr BERIG - non-informative distribution a= doubls prior.
Substituting, the agration (A 18) in the intagral in aguation {C.3)), wa gat:

E{% WY - _T;%P;{E-' Hde
prior distribution for 6 with MSE. The same thing we can do it to compute

Bayes estimators 6,
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Appendix-D: The following is the programs algorithm.

Algorithm (1): To compute Bayes estimators (0se: ) using SRIG - the natural

conjugate family of priors Distribution as double prior
distribution for6 with MSE.

iven valoes for the parameter & and sample size = m
amd {a, by and {= . F3 are the parameters for SEIG) -
the matural conjuesate Family of priors distriboton amd
thhe mumber of replicatdom {(—1HFH for each sample
size (1.

- For =1 to r

+

eneraied date from Ravleish distribwoton asins
Bintflab

Compute S==iijmsimz formmla im table {43 aAlso

compute RLSE{ S=={ij} msinzg formmla {11} for r=1.

- q@»

- * Tes

Compute the myean for =i for all —=1FkH, alsoc

compuate the myean for ARLSE{S= i1k for all r=11HF}.

74 a1 3319 s S o gl s

2018 {riad (24 zxt! (106, 3al



A Comparison of Bayes Estimators for the parameter of

Rayleigh Distribution with Simulation

Note (1): we can reformulate the Algorithm (1) to compute Bayes estimators

Bsex , k = 2,3using other distributions as double

;. ~py (o Ie005)
203z® ¢+ 05 T

1, ;1 {He05a 40 Sc) 1 P
=== BT ampl - = (0.3E0, 7 + 056 0] 08
E{B ) 'lﬁ Tin +0. 50+ 0.50) ol E'{ o a2
e DEIEY
J{_:I.:—E:j:_: t;i_ +0356) (o040 350305
Loy PReC R LY
E{EI ’ -1 Tin+ 050+ 050)
axpl[- E%{-:I.izg"_: tT +0.55)] 48 e (T2
By multiplying the intesal in aguation {C.20) by the quantity which aguals to
Cim {1"{1'. _':I'::E 0 ;:': _':I'f" 3, whara I }iz 2 gemma fimction. Then wa hava
Tin+0.5e+05c+0.5)
30 sell W2 oo i (o S0 Sc+0 508
1 F. EAM ] l =y e . -
(=) = 1 E'-‘_-Hﬂ-':l S0 5020 51D
I 3' Tin + 050 +0 5¢)
ar.p[—ﬁ%{ﬁ.:’g;’;: tT+0.55 ) 48 . (T2
Then, wa hava
1., Din+05a+0.5c+0.9,, .n . —
—f) - (05T, 6 +05B Y Gt ®) N { v
E{E' ’ Tin + 0 5a +0.5¢) 0325 P~ G ¢ ’

Whare  Be(t 8) aquals to

T S R A S R i
= J{:'.;E:_: t.l + 05
Calt, §) =

' -!, Tin+ 050+ 050 -0.5)

43 5 % LT LY 1 _ . .
gritleoe e S (0STL, € + 03P 81

Bz the intemrsl of the pdf of SPRIG distribution. Them wa got the Baves sctimater of 8 as the
following formula:
1, . TDin+05c+05c+0.5)

=) - .57, £ +0.56 % (C.13)
M3 Taroserosg Lk P (€5
Substituting the sguation {C.23) in sguation {C.3), wa g=t:
: T{n+ 05¢+0.50) n ot em O )
S ~ (0575, tr+ 05 e fonz0 S
= I‘{::—-:'j-::—-:'.:'s:—-:'.ij-{ - P P ':
75 Tyl a W19 (o alLai®Y ) & gliad) (ko
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Appendix-E: The summarized and tabulated discussions and conclusions.

N

Table 5-1: Best Estimation according to the smallest value for MSE(0).

The best estimation according to smallest -

5 - MSE(8)
value for MSE(6) when the double prior Sample Size(n)
distribution is 15 15 50 100

0.5 | (SRIG - the natural conjugate family of
priors) dist". with (a=5, b=0.5, 0.=8, [ =0.5)
(SRIG - the non-informative)) dist®. with
(a=3,b=0.5,c=3)

(the natural conjugate family of priors- non-
informative) dist®. with{ o =0.5, p =5, c=1)

1 (S5RIG - the natural conjugate family of
priors) dist". with (a=8 ,b=1,c=5, [=1)
(SRIG - the non-informative)) dist®. with
(a=3.b=1,c=1)

(the natural conjugate family of priors- non-
informative ) dist®. with{ o =0.5, =5, c=1)
1.5 | (SRIG - the natural conjugate family of
priors) dist”. with (a=8 ,b=1, 0 =5, [=1)
(SRIG - the non-informative)) dist®. with
(a=5,b=1, c=2)

(the natural conjugate family of priors- non-
informative ) dist®. with{ o =0.5, =5, c=1)

0.00276 | 0.00188 | 0.00103 | 0.00056

0.00345 | 0.00218 | 0.00111 | 0.00058

0.02358 | 0.01021 | 0.00327 | 0.00109

0.01443 | 0.00893 | 0.00450 | 0.00238

0.01559 | 0.00042 | 0.00462 | 0.00239

0.02103 | 0.01139 | 0.00518 | 0.00247

0.04622 | 0.0255 0.01162 | 0.00582

0.03949 | 0.02271 | 0.01079 | D.00553

0.03957 | 0.02304 | 0.01087 | 0.00544

N

Table5-2: Best Estimation according to the smallest value for MWSE(0).

The best estimation according to smallest -

g ~ MWSE( &)
value for MWSE(8) when the double prior Sample Size(n)
distribution is 15 25 50 100

0.5 | (SRIG - the natural conjugate family of
priors) dist”. with { a=5, b=0.5, 0 =8, [ =0.5)
(SRIG - the non-informative)) dist®. with
(a=3,b=1,c=5)

(the natural conjugate family of priors- non-
informative ) dist”. with{ o =0.5, f =5, ¢=1)

1 (SRIG - the natural conjugate family of
priors) dist". with (a=8 ,b=1, 0 =5, [=1)
(SRIG - the non-informative)) dist™. with
(a=5,b=1,c=2)

(the natural conjugate family of priors- non-
informative ) dist®. with { 0 =0.5,  =5,c=1)
1.5 | (SRIG - the natural conjugate family of
priors) dist". with (a=8 ,b=1, =5, [=1)
(SRIG - the non-informative)) dist®. with
(a=5,b=1,c=2)

(the natural conjugate family of priors- non-
informative ) dist”. with{ o =0.5, =5, ¢=1)

0.00558 | 0.00378 | 0.00206 | 0.00113

0.00643 | 0.00420 | 0.00218 | 0.00114

0.04115 | 0.01828 | 0.00602 | 0.00206

0.01526 | 0.00925 | 0.00439 | 0.00241

0.01573 | 0.00944 | 0.00463 | 0.00240

0.01818 | 0.01052 | 0.00491 | 0.00242

0.03352 | 0.01815 | 0.00308 | 0.00399

0.02782 | 0.01570 | 0.00734 | 0.00374

0.02442 | 0.01460 | 0.00705 | 0.00359
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