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Abstract 

   A comparison of double informative and non- informative priors assumed 

for the parameter of Rayleigh distribution is considered. Three different sets of 

double priors are included, for a single unknown parameter of Rayleigh 

distribution. We have assumed three double priors: the square root inverted 

gamma (SRIG) - the natural conjugate family of priors distribution, the square 

root inverted gamma – the non-informative distribution, and the natural 

conjugate family of priors - the non-informative distribution as double priors 

.The data is generating form three cases from Rayleigh distribution for different 

samples sizes (small, medium, and large). And Bayes estimators for the 

parameter is derived under a squared error loss function and weighted squared 

error loss function) in the cases of the three different sets of prior distributions 

.Simulations is employed to obtain results. And determine the best estimator 

according to the smallest value of mean squared error and weighted mean 

squared error. We found  that the best estimation for the parameter θ) (  for all 

sample sizes (n) , when the double prior distribution for θ  is SRIG - the natural 

conjugate family of priors distribution with values (a=5, b=0.5, α =8, β =0.5) and 

(a=8, b=1, α =5, β =1) for the  true value of θ 1)  and 0.5θ (   respectively .Also 

,we obtained the best estimation forθ   when the double prior distribution for θ  

is the natural conjugate family of priors-non-informative distribution with 

values(α =0.5, β =5, c=1) for  the true value of θ ( 1.5θ  ).  

  

 

Key words/ Rayleigh distribution, Bayes method double informative and non- 

informative priors, the posterior distribution, the squared error loss function, 

the weighted squared error loss function. 
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Introduction 
      The Rayleigh distribution is a member of continuous probability 

distributions, and it's a suitable model for life testing experiments and clinical 

studies. We mention some of studies in a brief manner: Hendi et al and others [6] 

(2007) used Bayes estimation .They obtained bayes estimates for the unknown 

parameter of the Rayleigh distribution based on upper record values. They 

derived Bayes' estimators by assuming the quasi-density prior as the prior 

distribution for the parameter .And he derived Bayes' estimators under two 

different loss functions which are squared error loss function and linex loss 

function. Dey [4] (2009) used Bayes estimation to obtained the estimators for the 

parameter  and reliability function of  Rayleigh distribution .He derived Bayes' 

estimators by assuming the natural conjugate family of priors as the prior 

distribution for the parameter .And he derived Bayes' estimators under two 

different loss functions which are squared error loss function and linex loss 

function. Al Mayali and Al-Shaibani [2] (2013) used different estimation methods 

to estimate the unknown parameter of Rayleigh distribution, which is maximum 

likelihood estimation, Bayes estimation, shrinkage estimation, and Bayesian 

shrinkage estimation. They used simulation to obtain the results and compared 

between these results to find best method. 

Pak et al and others [8] (2014) proposed different procedures for estimating 

the parameter of Rayleigh distribution under progressive type-II censoring when 

the available observations are described by means of fuzzy information .They 

conducted simulation study to assess the performance of these procedures.  Dey 

et al and others [5] (2015) used Bayes shrinkage estimation to obtain the 

estimators for the parameter of Rayleigh distribution; they derived Bayes' 

estimators by assuming the natural conjugate family of priors as the prior 

distribution for the parameter of Rayleigh distribution. They derived Bayes' 

estimators for the parameter of Rayleigh distribution under the assumption of 

general entropy loss function for progressive Type-II censored data. 
The aim of research   

The Aim of this paper is to obtain bayes Estimators for the parameter of the 

Rayleigh distribution under different double informative and non- informative 

priors.  A few studies present in double informative priors, we mention it: Haq 

and Aslam [1], they used double prior selection for discrete case in the case of 

Poisson distribution. Radha and Vekatesan (2015), they studied double prior 

selection for continuous case in the case of Maxwell distribution [9]
 
.They have 

assumed generalized uniform-inverted Gamma distribution as double priors. 

Here we study double prior selection for continuous case in the case of the 

Rayleigh distribution. We have assumed the square root inverted gamma (SRIG) 

- the natural conjugate family of priors distribution, the square root inverted 

gamma – the non-informative distribution, and the natural conjugate family of 

priors - the non-informative distribution as double priors.  
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We try to find best method to estimate parameter of Rayleigh distribution. 

According to the smallest value of Mean Square Errors (MSE) and Mean 

Weighted Square Errors (MWSE) were calculated to compare the methods of 

estimation. Several cases from Rayleigh distribution for data generating, of 

different samples sizes (small, medium, and large).The results were obtained  by 

using  simulation  technique. 

 

1. The Rayleigh Distribution 

Let us consider nt, ... ,t,t 21 is a random sample of n independent observations 

from a Rayleigh distribution having the probability density function (pdf) 

defined [3]: 

) 1 (  ...                                                                          0θ , 0       t,     )
2θ

t
exp(-  

θ

t
   ) θ ; t f(

2

2

2


 

where θ  is a scale parameter. And the cumulative distribution function (cdf) is 

given as; 

) 2 (  ...                                                                             0θ , 0       t,     )
2θ

t
exp(-  -1  ) θ ; t F(

2

2



       

Also, the Reliability function is 

) 3 (  ...                                                       0θ , 0       t,     )
2θ

t
exp(- f(u)du   ) t F(-1R(t)

2

2


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t

 Where R(t)  is probability of surviving at least till age t, and the failure rate 

function (or hazard function) at mission time t is given by 

) 4 (  ...                                                                                                   0θ , 0       t ,   
θ

t
   ) t h(

2
  

 

3. Bayes Estimation Method  
In this section, we used bayes estimation to derived Bayes' estimators for the 

parameter of Rayleigh distribution, under different double informative priors. 

Let nt, ... ,t,t 21  be a random sample of size n with probability density function 

given in equation (1) and likelihood function given by equation (5)  [3]:  

) 5 ( ...                                                                         )
2θ

t
exp(-  

θ

t

    ) θ ; t f(
n

 θ)\tL(
22n
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1i

1i

2

i
n

1i
i 







  

In this paper the posterior distributions for the unknown parameter θ are 

derived using the following three types of double informative priors, and then get 

bayes estimation
.
 

 

http://en.wikipedia.org/wiki/Probability_density_function
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 Here we have assumed the square root inverted gamma [7]-the natural 

conjugate family of priors distribution, the square root inverted gamma – the 

non-informative distribution, and the natural conjugate family of priors - the 

non-informative distribution as double priors, to get bayes estimation for the 

parameter of Rayleigh distribution. 

 

3.1 The posterior distribution using different double priors 
In this section, we derive the posterior distributions .It is assumed that θ  

follows three types of prior distributions with pdf as given in table -1: 

Table -1: The three types of prior distributions ( ) θ (fi ) with pdf forθ . 

Prior distribution ,3 2 1,i ,    ) θ (f i   

θ ~ SRIG distribution (a,b)  0θ  b,a,for     )
θ

b
exp(-  θ  

a

b 2
   ) θ (f

2

1)(2a-
a

1




  

θ ~ natural conjugate family of 

priors distribution ( β  , α ) 

 

 0 β  , α, θfor        ]
2θ

β
exp[-   

θ

1
 ) θ (f

21α2



 

θ ~ non-informative  distribution (c) 0  cθ,for              
θ

1
  ) θ (f

c3
  

 

And their double prior's distributions with pdf as given in table -2: 

 

Table -2: The three types of double prior distributions ( ) θ (Pi ) with pdf forθ . 

Double prior dist
n
. ,3 2 1,i ,    ) θ (Pi   

θ ~ SRIG (a,b)-θ ~ the 

natural conjugate 

family of priors ( β  , α ) 

 ) θ (f    ) θ (f    α  ) θ (P
211

 

 0θ β,  , α b,a,for     ] β)(b
θ

1
exp[-θ ]

Γa

b 2
[ α  ) θ (P

2

2)α(2a-
a

1




 

θ ~ SRIG (a,b)-θ ~ non-

informative  

distribution (c) 

) θ (f    ) θ (f    α  ) θ (P
312

 

 0θ c, b,a,for         ] 
θ

b
exp[-  θ ] 
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[ α   ) θ (P 
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θ ~ the natural 

conjugate family of 

priors ( β  , α )-θ ~ non-

informative  

distribution (c) 

 

) θ (f    ) θ (f    α  ) θ (P
323

 

      0θ c,β,  , αfor        ]
2θ

β
exp[- θ α   ) θ (P 

2

1)c(α-

3



 

 

Then the posterior distribution of θ for the given the data 

) t, ... ,t, t(t n21 is given by: 

) (6 ...                                                                     
)dθ θ P(   θ)\tL(

θ

) θ P(   θ)\tL(
    t) \θ P(                      


  

Substituting the equation (5) and for each  ) θ P( as shown in table -2 in 

equation (6), we get the posterior distributions for the unknown parameter θ are 

derived using the following three types of double priors ( for more details see 

Appendix-A). 

Table -3: The posterior distributions ( t) \θ P( ) for the unknown parameter 

 (θ) are derived using the following three types of double prior distributions. 

Double prior 

dist
n
. 

The posterior distribution ( t) \θ P( ) 

θ ~ SRIG (a,b)- 

θ ~ the natural 

conjugate family 

of priors ( β  , α ) 

 

 

θ ~ SRIG (a,b)- 

θ ~ non-

nformative  

distribution (c) 

 

 

θ ~ the natural 

conjugate family 

of priors ( β  , α )- 

θ ~ non-

informative  

distribution (c) 
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3.2 Bayes' Estimators 
        The objective of this section, to find Bayesian estimators of the scale 

parameter of Rayleigh distribution under two loss functions and three different 

of double prior distributions : 

 The squared error loss function   2

1 θ)  - θ  (θ)  , θ  (L
^^

 . 

 The weighted squared error loss function   
θ

θ)  - θ  (
θ)  , θ  (L

2

2

^
^

 . 

Where
^

θ  is an estimator for θ  was considered with three different of double 

prior distributions, and under two loss functions. Following is the derivation of 

these estimators: 

 

   First: The squared error loss function  
To find Bayesian estimators of the scale parameter of Rayleigh distribution 

under the squared error loss function and three different of double prior 

distributions: 

) 7 (  ...                                                                                                          θ)  - θ  (θ)  , θ  (L 2

1

^^

  

After simplified steps, we get Bayes estimator of θ  denoted by
        ^  

SEθ for the above 

prior as follows 

) 8 (  ...                                                                                          dθ t) \θ P( θt) \θ E( θ
0

SE

^




  

So, the following results are the derivations of these estimators under the 

squared error loss function with three different double priors (for more details 

see Appendix-B). 
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Table -4: The estimators (
        ^  

SEθ ) under the squared error loss function  

With three different double priors. 

Double Prior 

distribution 
dθ t) \θ P( θt) \θ E( θ

0

SE

^




  

θ ~ SRIG (a,b)-θ ~ 

the natural 

conjugate family of 

priors ( β  , α )  0a b,β,α, n, ,                                                     

 β)bt5.0(  
)0.5α5.0n(a

)α5.0n(a
θ 0.52n

1iSE1

^

i







   

θ ~ SRIG (a,b)- θ ~ 

non-informative  

distribution (c) 0a b,c, n, ,                                                  

 b)t5.0(
)c5.0n(a  

)0.5-c5.0n(a 
 θ 0.52n

1iSE2

^

i







 

 

θ ~ the natural 

conjugate family of 

priors ( β  , α )- θ ~ 

non-informative  

distribution (c) 

 

 0nc,β,α, ,                                                                 

β)5.0t5.0( 
c)5.0α5.0(n 

0.5)c5.0α5.0(n  
  θ 0.52n

1iSE3

^

i







 

 

     Where ) Γ(. is a gamma function. 

 

Second: The weighted squared error loss function    
To find Bayesian estimators of the scale parameter of Rayleigh distribution 

under the weighted squared error loss function and three different of double 

prior distributions: 

) 9 (  ...                                                                                                         
θ

θ)  - θ  (
θ)  , θ  (L

2

2

^
^

  

After simplified steps, we get Bayes estimator of θ  denoted by
         ^

WSEθ for the above 

prior as follows 

) 10 (  ...                                                                                    

  dθ t) \θ P( 
θ

1

1

t) \
θ

1
 E(

1
 θ

0

         ^

WSE




  

So, the following results are the derivations of these estimators under the 

weighted squared error loss function with three different double priors (for more 

details see Appendix-C). 
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Table -5: The estimators (
            ^

  WSEθ  ) under the weighted squared error loss 

with three different double priors. 

Double Prior 

distribution 

 

  dθ t) \θ P( 
θ

1

1

t) \
θ

1
 E(

1
 θ

0

WSE

^



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θ ~ SRIG 

(a,b)-θ ~ the 

natural 

conjugate 
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priors ( β  , α ) 

0a b,β,α, n,  
)1α5.0nΓ(a

β)bt5.0( )5.0α5.0nΓ(a
θ

 2n
1i

              ^

WSE1

5.0
i



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θ ~ SRIG 

(a,b)-θ ~ non-

informative  

distribution( 

c) 

0a b,c, n,   
)5.0c5.0nΓ(a

b)t5.0(   )c5.0nΓ(a
θ

 2n
1i

             ^

WSE2

5.0
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


 

θ ~ the 

natural 

conjugate 

family of 

priors 

( β  , α )- θ ~ 

non-

informative  

distribution 

(c) 

0nc,β,α,, β)5.0t5.0(
0.5)c5.0α5.0Γ(n

c)5.0α5.0Γ(n
θ 5.02n

1i

             ^

WSE3 i 



   

 

4. Simulation Study  
In this study, we have generated random samples from Rayleigh distribution 

and compared the performance of Bayes estimators based on them. So we have 

considered several steps to perform simulation study as follows:    

1.We have chosen sample size n = 15, 25, 50 and 100 to represent small, moderate 

and large sample size. 

2.We generated data from Rayleigh distribution for the scale parameter; we 

have considered randomly several values for the parameter of Rayleigh 

distribution 1.5  , 1  , 0.5θ  . 

3.We used randomly the values for the parameters of the square root  inverted  

gamma ( SRIG ) distribution with (a , b)  - the natural conjugate family of priors 

distribution  with ( β  , α ) as double prior distribution forθ , when (a , b , β  , α ) = 

(5,0.5, 8,0.5) ,(8,0.5, 5,0.5),(5,1,8,1) and (8,1,5,1) .   
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4.We used randomly the values for the parameters of the square root  inverted  

gamma ( SRIG ) distribution with (a , b) – the non-informative  distribution with 

(c) as double prior distribution forθ  ,when (a , b ,c) = (5, 0.5,2) ,(5, 0.5,3),(5, 

0.5,5),(5, 1,2) ,(5, 1,3) and (5, 1,5). 

5.We used randomly the values for the parameters of the natural conjugate 

family of priors distribution with ( β  , α ) - the non-informative distribution with 

(c) as double prior distribution forθ , when ( β  , α , c) = (0.5, 5, 0.5), (0.5, 5, 1), 

(0.5, 8, 0.5) and (0.5, 8, 1).  

6.The number of replication used was ( 1000r  ) for each sample size (n). 

We obtained estimators for scale parameter  in table -4, it means the estimators 

)θ( SE

^

under the squared error loss function with three different double priors 

.And the estimators in table -5, it means the estimators )θ( WSE

^

under the 

weighted squared error loss function with three different double.  

The simulation program was written by using MATLAB-R2008a program. 

After the parameter  θ  was estimated, Mean Square Errors (MSE) and Mean 

weighted squared Errors (MWSE) were calculated to compare the methods of 

estimation, where: 

) 11 ...(                                                                                              )θ-(r)θ(
r

1
MSE 2

         ^         
1000

1r 

  

12) ...(                                                                              ]θ/)θ-(r)θ[(
r

1
MWSE

                  
         

^         
21000

1r 

 

See appendix-D, for the   programs algorithm .The results of the simulation 

study are summarized and tabulated in tables (4-1 to 4-3).In each row of tables 

(4-1) – (4-3) ,we  have  four  estimated values for θ
       ^     

) θ ( with MSE for all 

samples sizes (n) and values ((a , b), (α ,β ),c) respectively. Also the results of the 

simulation study are summarized and tabulated in tables (4-4to4-6).In  each  row 

of tables (4-4)-(4-6) ,we  have  four  estimated values for θ
       ^     

) θ ( with MWSE for 

all sample size (n) and values ((a , b), (α ,β ),c) respectively .The Bayes estimators 

under three types of double prior distribution .So our criteria is the best 

estimator  that gives the smallest value of ( MSE ) and ( MWSE ). We list the 

results in the following tables (4-1 to4-6). 
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Table 4-1: Shows the values for 
^

θ under square error loss function (MSE). 

 

Table 4-2: Shows the values for 
^

θ under square error loss function (MSE). 
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Table 4-3: Shows the values for 
^

θ under square error loss function (MSE). 

 

Table 4-4: Shows the values for 
^

θ under weighted square error loss function 

(MWSE). 
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Table 4-5: Shows the values for 
^

θ under weighted square error loss function 

(MWSE). 

 

Table 4-6: Shows the values for 
^

θ under weighted square error loss function 

(MWSE). 
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5. Discussion 
We obtained a good estimation according to the smallest values of MSE for all 

samples sizes (n) comparative to the other estimated values for MSE as shown in 

tables (4-1 to 4-3)  .  

As we see in table (4-1), when the true value of θ ( 0.5θ  ) and the double prior 

distribution for θ  is  

 SRIG - the natural conjugate family of priors distribution with (a=5, b=0.5, 

α =8, β =0.5). 

 SRIG - the non-informative distribution with (a=5, b=0.5, c =5). 

 The natural conjugate family of priors-non-informative distribution with 

(α =0.5, β =5, c=1). 

And in tables (4-2) and (4-3), when the true value of θ ( 1.5 & 1θ  ) and the double 

prior distribution for θ  is  

 SRIG - the natural conjugate family of priors distribution with (a=8, b=1, α =5, 

β =1). 

 SRIG - the non-informative distribution with (a=5, b=1, c =2). 

 The natural conjugate family of priors-non-informative distribution with 

(α =0.5, β =5, c=1). 

Also, we obtained a good estimation according to the smallest values of MWSE 

for all samples sizes (n) comparative to the other estimated values for MWSE as 

shown in tables(4-4 to 4-6) .  

In table (4-4), when the true value of θ ( 0.5θ  ) and the double prior 

distribution for θ  is  

 SRIG - the natural conjugate family of priors distribution with (a=5, b=0.5, 

α =8, β =0.5). 

 SRIG - the non-informative distribution with (a=5, b=1, c =5). 

 The natural conjugate family of priors-non-informative distribution with 

(α =0.5, β =5, c=1). 

And in tables (4-5), when the true value of θ ( 1θ  ) and the double prior 

distribution for θ  is  

 SRIG - the natural conjugate family of priors distribution with (a=8, b=1, α =5, 

β =1). 

 SRIG - the non-informative distribution with (a=5, b=1, c =2). 

 The natural conjugate family of priors-non-informative distribution with 

(α =0.5, β =5, c=1). 

And in tables (4-6), when the true value of θ ( 1.5θ  ) and the double prior 

distribution for θ  is  

 SRIG - the natural conjugate family of priors distribution with (a=8, b=1, α =5, 

β =1). 

 SRIG - the non-informative distribution with (a=5, b=1, c =2). 
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 The natural conjugate family of priors-non-informative distribution with 

(α =0.5, β =5, c=1). 

For more details see Appendix-E. 

6. Conclusion 

      When we compared the estimated values for  θ
       ^     

) θ (  the parameter of the 

Rayleigh distribution by using Bayes with respect to Mean Square Errors (MSE) 

and Mean weighted squared Errors (MWSE) respect to the smallest values  of 

them  .In general , we found  best estimation  for  the parameter θ) ( for all 

sample sizes (n) , when the double prior distribution for θ  is SRIG - the natural 

conjugate family of priors distribution with values ) 0.5β,8α 0.5,b 5,(a   

and ) 1β,5α 1,b 8,(a   for the  true value of θ 1)  and 0.5θ (   respectively 

.Also ,we obtained the best estimation  when the double prior distribution for θ  

is the natural conjugate family of priors-non-informative distribution with 

values )1c, 5β,5.0α (  for  the true value of θ ( 1.5θ  ).   
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Appendix-A: The posterior distribution by using different double Priors. 
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  The following is the derivation of these estimators under the squared error loss 

function. 
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Appendix-B  

     The following is the derivation of these estimators under the squared error 

loss function. 
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Appendix-C:    The following is the derivation of these estimators under the 

weighted squared error loss function. 
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prior distribution for θ  with MSE. The same thing we can do it to compute 

Bayes estimators
            ^

  WSEθ . 
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Appendix-D: The following is the   programs algorithm. 

Algorithm (1): To compute Bayes estimators ( SE1

^

θ  ) using SRIG - the natural  

                          conjugate family of priors Distribution as double prior  

                           distribution forθ  with MSE.   
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Note (1): we can reformulate the Algorithm (1) to compute Bayes estimators 

2,3k, θSEk

^

 using other distributions as double  
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Appendix-E:  The summarized and tabulated discussions and conclusions. 

Table 5-1:  Best Estimation according to the smallest value for )MSE  

^

 ( θ . 

 

Table5-2:  Best Estimation according to the smallest value for )MWSE  

^

 ( θ . 
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 مقارنة لمقدرات بيس لمعلنة توزيع رايلي باشتعنال المحاكاة
 استاذ مساعد –د. جنان عباس ناصر العبيدي 

 بغداد –الكلية التقنية الإدارية 

 
 المصتخلص

ثةة م يمةةايل  نهتوسيتةةاو   لتمةةًُ.يقارَةةل نهتوسيتةةاو اة نلةةل انًمةةاضةل يةتزةةةل نًتهًةةل توسيةة  رايهةة           

افتةةةزالا ث ثةةةل توسيتةةةاو ا نلةةةل يمةةةاضةل : توسيةةة    فقةةةد تةةةى ونةةةل نتوسيةةة  رايهةةة .  انًمةةةاضةل نهًتهًةةةل انًم 

اة ن  انتائهل انًزافقل انطبلتلل , توسي  انمذرانتزبلت  نًتكةوص كايةا    -(SRIG)انمذرانتزبلت  نًتكوص كايا 

(SRIG)-     انتوسيةة  رلةةز انًتهويةةات  , توسيةة  انتائهةةل انًزافقةةل انطبلتلةةل-  ً كةةد ال  تهويةةات ,انتوسيةة  رلةةز ان

. انبلاَةةاو  نةةدو يةةٍ ث ثةةل زةةاةو نتوسيةة  رايهةة  ن مةةوو ي تهةةةل يةةٍ انتلُةةاو   ان ةة لز      يتهوياتلةةل يمةةاضة 

دانةل ان اةار  انتزبلتلةل  اندانةل انتزبلتلةل       انًتوسطل  انكبلز  ( .  تى اشتقاق يقدراو بلةش نهًتهًةل باسةتتًال    

نه  ول ضهى َتائج هذا انب ث.  ت ديد افمةم   انً اكا ت تتًه. اسلانًوس َ  ي  ث ثل د ال  يتهوياتلل يماضة

يقدر  فقا ةقم قلًل نًتلار يتوسط يزبتاو ان طأ  يتوسط يزبتةاو ان طةأ انًوس َةل.  اةدَا بةاٌ افمةم تقةديز        

 نًتكةوص كايةا   توسية  انمةذرانتزبلت    نكم زموو انتلُاو , ضُديا يكوٌ انتوسي  اة نة  انًمةاض     ) (θنهًتهًل

(SRIG)- 0.5 (ضُةةةةةةةةةد انقةةةةةةةةةلى اة نةةةةةةةةة  انتائهةةةةةةةةةل انًزافقةةةةةةةةةل انطبلتلةةةةةةةةةلβ,8α 0.5,b 5,(a   

  ) 1β,5α 1,b 8,(a   0.5 ,  (1نهقلًتةةلٍ ان قلقلةةل نهًتهًةةلθ (    ضهةةى انتةةوان  . كةةذنا ز ةةهُا 

انتوسية  رلةز    -توسية  انتائهةل انًزافقةل انطبلتلةل      انًمةاض  ضُديا يكوٌ انتوسية  اة نة     θضهى افمم تقديز نـ

) 1c, 5β,5.0α(ضُد انقلى انًتهويات    1.5نهقلًل ان قلقللθ . 
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